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NUMERICAL RECIPES
Third Edition P’
| - code

Dependencies Tool

This tool will construct an ordered list of #nclude sial its for using any bination of Numerical Recipes
source code files. | will generate #includes nol just for the files that you highlight, but alse for any of their
dep ies. The #nclude will be in the correct order for the C++ compiler.

Step 1: Select the files that you  Step 2: Click on the "Show Step 3: The nacessary Mnclude
plan to use, Click to select one Includes” bution, below, statements are now shown in the
file, or Ctri-Click to select more comect order. Click-drag to
highlight them, then Edit/Copy
and {in your program) Edit/Paste,

Show Includes.

~1

P

Figure 1.0.1. The interactive page located at http://www.nr.com/dependencies sorts out the dependen-
cies for any combination of Numerical Recipes routines, giving an ordered list of the necessary #include
files.

University Press (e.g., from Amazon.com or your favorite online or physical book- 1
store). The code comes with a personal, single-user license (see License and Legal
Information on p. xix). The reason that the book (or its electronic version) and the
code license are sold separately is to help keep down the price of each. Also, making
these products separate meets the needs of more users: Your company or educational
institution may have a site license — ask them.

3. How do I know which files to #include? It’s hard to sort out the dependen-3
cies among all the routines.

In the margin next to each code listing is the name of the source code file3
that it is in. Make a list of the source code files that you are using. Then go to
http://www.nr.com/dependencies and click on the name of each source code file. The in-
teractive Web page will return a list of the necessary #includes, in the correct order,
to satisfy all dependencies. Figure 1.0.1 will give you an idea of how this works.

4. What is all this Doub, Int, VecDoub, efc., stuff? 2

We always use defined types, not built-in types, so that they can be redefined if 2
necessary. The definitions are in nr3.h. Generally, as you can guess, Doub means
double, Int means int, and so forth. Our convention is to begin all defined types
with an uppercase letter. VecDoub is a vector class type. Details on our types are in
§1.4.

5. What are Numerical Recipes Webnotes? 1

Numerical Recipes Webnotes are documents, accessible on the Web, that in-4
clude some code implementation listings, or other highly specialized topics, that
are not included in the paper version of the book. A list of all Webnotes is at
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Tested Operating Systems and Compilers
O/S Compiler

Microsoft Windows XP SP2 Visual C++ ver. 14.00 (Visual Studio 2005)
Microsoft Windows XP SP2 Visual C++ ver. 13.10 (Visual Studio 2003)
Microsoft Windows XP SP2 Intel C++ Compiler ver. 9.1

Novell SUSE Linux 10.1 GNU GCC (g++) ver. 4.1.0

Red Hat Enterprise Linux 4 (64-bit) GNU GCC (g++) ver. 3.4.6 and ver. 4.1.0
Red Hat Linux 7.3 Intel C++ Compiler ver. 9.1

Apple Mac OS X 10.4 (Tiger) Intel Core  GNU GCC (g++) ver. 4.0.1

http://www.nr.com/webnotes. By moving some specialized material into Webnotes, we 5
are able to keep down the size and price of the paper book. Webnotes are automati-
cally included in the electronic version of the book; see next question.

6. I am a post-paper person. I want Numerical Recipes on my laptop. Where 3
do I get the complete, fully electronic version?

A fully electronic version of Numerical Recipes is available by annual sub-1
scription. You can subscribe instead of, or in addition to, owning a paper copy of
the book. A subscription is accessible via the Web, downloadable, printable, and,
unlike any paper version, always up to date with the latest corrections. Since the
electronic version does not share the page limits of the printed version, it will grow
over time by the addition of completely new sections, available only electronically.
This, we think, is the future of Numerical Recipes and perhaps of technical refer-
ence books generally. We anticipate various electronic formats, changing with time
as technologies for display and rights management continuously improve: We place
a big emphasis on user convenience and usability. See http:/www.nr.com/electronic for
further information.

7. Are there bugs in NR? 2

Of course! By now, most NR code has the benefit of long-time use by a large 3
user community, but new bugs are sure to creep in. Look at http:/www.nr.com for
information about known bugs, or to report apparent new ones.

1.0.3 Computational Environment and Program Validation 1

The code in this book should run without modification on any compiler that2
implements the ANSI/ISO C++ standard, as described, for example, in Stroustrup’s
book [11].

As surrogates for the large number of hardware and software configurations, we 6
have tested all the code in this book on the combinations of operating systems and
compilers shown in the table above.

In validating the code, we have taken it directly from the machine-readable form 4
of the book’s manuscript, so that we have tested exactly what is printed. (This does
not, of course, mean that the code is bug-free!)
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1.1 Error, Accuracy, and Stability !

Computers store numbers not with infinite precision but rather in some approxi- 1
mation that can be packed into a fixed number of bits (binary digits) or bytes (groups
of 8 bits). Almost all computers allow the programmer a choice among several dif-
ferent such representations or data types. Data types can differ in the number of bits
utilized (the wordlength), but also in the more fundamental respect of whether the
stored number is represented in fixed-point (like int) or floating-point (like £loat
or double) format.

A number in integer representation is exact. Arithmetic between numbers in 2
integer representation is also exact, with the provisos that (i) the answer is not outside
the range of (usually, signed) integers that can be represented, and (ii) that division
is interpreted as producing an integer result, throwing away any integer remainder.

1.1.1 Floating-Point Representation 2

In a floating-point representation, a number is represented internally by a sign3
bit S (interpreted as plus or minus), an exact integer exponent £, and an exactly
represented binary mantissa M. Taken together these represent the number

SxMxbEe1 (1.1.1)2

where b is the base of the representation (b = 2 almost always), and e is the bias of 4
the exponent, a fixed integer constant for any given machine and representation.

S E F Value

float | any | 1-254 any (—1)S x2E-127 « 1 F4

any 0 nonzero | (—1)5 x 27126 x 0. F*
0 0 0 + 0.0
1 0 0 —0.0
0 255 0 + o0
1 255 0 — 00
any 255 nonzero NaN

double | any | 1-2046 any EhEEER TG 3

any 0 nonzero | (—1)% x 271022 x 0. F*
0 0 0 + 0.0
1 0 0 —0.0
0 2047 0 + oo
1 2047 0 — 00
any 2047 nonzero NaN

*unnormalized values
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Several floating-point bit patterns can in principle represent the same number. If 5
b = 2,for example, a mantissa with leading (high-order) zero bits can be left-shifted,
i.e., multiplied by a power of 2, if the exponent is decreased by a compensating
amount. Bit patterns that are “as left-shifted as they can be” are termed normalized.

Virtually all modern processors share the same floating-point data representa- 1
tions, namely those specified in IEEE Standard 754-1985 [1]. (For some discussion
of nonstandard processors, see §22.2.) For 32-bit f1oat values, the exponent is rep-
resented in 8 bits (with e = 127);the mantissa in 23; for 64-bit double values, the
exponent is 11 bits (with e = 1023), the mantissa, 52. An additional trick is used for
the mantissa for most nonzero floating values: Since the high-order bit of a properly
normalized mantissa is always one, the stored mantissa bits are viewed as being pre-
ceded by a “phantom” bit with the value 1. In other words, the mantissa M has the
numerical value 1.F, where F (called the fraction) consists of the bits (23 or 52 in
number) that are actually stored. This trick gains a little “bit” of precision.

Here are some examples of IEEE 754 representations of double values: 6

001111111111 0000 (+ 48 more zeros) = +1 x 2192371023 1 0, = 1.

101111111111 0000 (4 48 more zeros) = —1 x 2192371023 1 0, = —1.

001111111111 1000 (4 48 more zeros) = +1 x 2192371023 , 1 1, = 1.5

0 10000000000 0000 (+ 48 more zeros) = +1 x 2102471023 5 1 0, = 2.

0 10000000001 1010 (4 48 more zeros) = +1 x 2192571023 5 1 1010, = 6.5
(1.1.2)

You can examine the representation of any value by code like this: 7

union Udoub { 8
double d;
unsigned char c[8];
s
void main() {
Udoub u;
u.d = 6.5;

for (int i=7;i>=0;i--) printf("%02x",u.c[i]);
printf("\n");
+

This is C, and deprecated style, but it will work. On most processors, includ- 2
ing Intel Pentium and successors, you’ll get the printed result 401a000000000000,
which (writing out each hex digit as four binary digits) is the last line in equation
(1.1.2). If you get the bytes (groups of two hex digits) in reverse order, then your
processor is big-endian instead of [ittle-endian: The IEEE 754 standard does not
specify (or care) in which order the bytes in a floating-point value are stored.

The IEEE 754 standard includes representations of positive and negative infin- 3
ity, positive and negative zero (treated as computationally equivalent, of course), and
also NaN (“not a number”). The table on the previous page gives details of how these
are represented.

The reason for representing some unnormalized values, as shown in the table, 4
is to make “underflow to zero” more graceful. For a sequence of smaller and smaller
values, after you pass the smallest normalizable value (with magnitude 2~ '?7 “or
271023/ ee table), you start right-shifting the leading bit of the mantissa. Although
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you gradually lose precision, you don’t actually underflow to zero until 23 or 528
bits later.

When a routine needs to know properties of the floating-point representation, it5
can reference the numeric_limits class, which is part of the C++ Standard Library.
For example, numeric_limits<double>: :min() returns the smallest normalized
double value, usually 271922 &~ 2.23 x 1073°% “For more on this, see §22.2.

1.1.2 Roundoff Error1

Arithmetic among numbers in floating-point representation is not exact, even if 2
the operands happen to be exactly represented (i.e., have exact values in the form of
equation 1.1.1). For example, two floating numbers are added by first right-shifting
(dividing by two) the mantissa of the smaller (in magnitude) one and simultaneously
increasing its exponent until the two operands have the same exponent. Low-order
(least significant) bits of the smaller operand are lost by this shifting. If the two
operands differ too greatly in magnitude, then the smaller operand is effectively re-
placed by zero, since it is right-shifted to oblivion.

The smallest (in magnitude) floating-point number that, when added to the 1
floating-point number 1.0, produces a floating-point result different from 1.0 is term-
ed the machine accuracy €, ¥EEE 754 standard float has €,,about 1.19 x 107,
while double has about 2.22 x 10713 Values like this are accessible as, e.g.,
numeric _limits <double>::epsilon(). (A more detailed discussion of ma-
chine characteristics is in §22.2.) Roughly speaking, the machine accuracy e, is
the fractional accuracy to which floating-point numbers are represented, correspond-
ing to a change of one in the least significant bit of the mantissa. Pretty much any
arithmetic operation among floating numbers should be thought of as introducing an
additional fractional error of at least €, This type of error is called roundoff error.

It is important to understand that €, is not the smallest floating-point number 7
that can be represented on a machine. 7hat number depends on how many bits there
are in the exponent, while €,, depends on how many bits there are in the mantissa.

Roundoff errors accumulate with increasing amounts of calculation. If, in the 4
course of obtaining a calculated value, you perform N such arithmetic operations,
you might be so lucky as to have a total roundoff error on the order of +/Ne,,/if
the roundoff errors come in randomly up or down. (The square root comes from
a random-walk.) However, this estimate can be very badly off the mark for two
reasons:

(1) It very frequently happens that the regularities of your calculation, or the g
peculiarities of your computer, cause the roundoff errors to accumulate preferentially
in one direction. In this case the total will be of order N¢,,

(2) Some especially unfavorable occurrences can vastly increase the roundoff3
error of single operations. Generally these can be traced to the subtraction of two
very nearly equal numbers, giving a result whose only significant bits are those (few)
low-order ones in which the operands differed. You might think that such a “co-
incidental” subtraction is unlikely to occur. Not always so. Some mathematical
expressions magnify its probability of occurrence tremendously. For example, in the
familiar formula for the solution of a quadratic equation,

. —b + ~/b?% —4ac
- 2a

(1.1.3)
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the addition becomes delicate and roundoff-prone whenever b > 0 and |ac| < b*3
(In §5.6 we will learn how to avoid the problem in this particular case.)

1.1.3 Truncation Error1

Roundoff error is a characteristic of computer hardware. There is another, dif- 1
ferent, kind of error that is a characteristic of the program or algorithm used, indepen-
dent of the hardware on which the program is executed. Many numerical algorithms
compute “discrete” approximations to some desired “continuous” quantity. For ex-
ample, an integral is evaluated numerically by computing a function at a discrete set
of points, rather than at “every” point. Or, a function may be evaluated by summing
a finite number of leading terms in its infinite series, rather than all infinity terms.
In cases like this, there is an adjustable parameter, e.g., the number of points or of
terms, such that the “true” answer is obtained only when that parameter goes to in-
finity. Any practical calculation is done with a finite, but sufficiently large, choice of
that parameter.

The discrepancy between the true answer and the answer obtained in a practical 2
calculation is called the truncation error. Truncation error would persist even on a
hypothetical, “perfect” computer that had an infinitely accurate representation and no
roundoff error. As a general rule there is not much that a programmer can do about
roundoff error, other than to choose algorithms that do not magnify it unnecessarily
(see discussion of “stability” below). Truncation error, on the other hand, is entirely
under the programmer’s control. In fact, it is only a slight exaggeration to say that
clever minimization of truncation error is practically the entire content of the field of
numerical analysis!

Most of the time, truncation error and roundoff error do not strongly interact4
with one another. A calculation can be imagined as having, first, the truncation error
that it would have if run on an infinite-precision computer, “plus” the roundoff error
associated with the number of operations performed.

1.1.4 Stability 2

Sometimes an otherwise attractive method can be unstable. This means that3
any roundoff error that becomes “mixed into” the calculation at an early stage is
successively magnified until it comes to swamp the true answer. An unstable method
would be useful on a hypothetical, perfect computer; but in this imperfect world it
is necessary for us to require that algorithms be stable — or if unstable that we use
them with great caution.

Here is a simple, if somewhat artificial, example of an unstable algorithm: Sup-5
pose that it is desired to calculate all integer powers of the so-called “Golden Mean,”
the number given by

1
~ 0.61803398 (1.1.4)

¢ =

It turns out (you can easily verify) that the powers ¢” rsatisfy a simple recursion 7
relation,

J5—
2

"t =" — 9" (1.1.5)

Thus, knowing the first two values ¢ = 14and ¢! = 0.61803398, we can suc-6
cessively apply (1.1.5) performing only a single subtraction, rather than a slower
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1.2.1 Operators?2
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n<<1|1g

n<<1+13
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132

Operator Precedence and Associativity Rules in C and C++

scope resolution

left-to-right

O function call left-to-right

[] array element (subscripting)

. member selection

-> member selection (by pointer)

++ post increment right-to-left

== post decrement

! logical not right-to-left

- bitwise complement

= unary minus

++ pre increment

== pre decrement

& address of

* contents of (dereference)

new create

delete destroy

(type) castto type

sizeof  size in bytes

* multiply left-to-right

/ divide

% remainder

+ add left-to-right

= subtract

<< bitwise left shift left-to-right

>> bitwise right shift

< arithmetic less than left-to-right

> arithmetic greater than

<= arithmetic less than or equal to

>= arithmetic greater than or equal to

== arithmetic equal left-to-right
= arithmetic not equal

& bitwise and left-to-right

- bitwise exclusive or left-to-right

| bitwise or left-to-right

&& logical and left-to-right

Il logical or left-to-right

? conditional expression right-to-left

= assignment operator right-to-left

also += —= *= /= %:

<K= >>= &= "= |=

sequential expression

left-to-right
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1.2.2 Control Structures
"These should all be familiar to you. 7

/* questionable! */
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is, we think, much preferable to 9
G @n2 =1 .14

‘We similarly like to double a positive integer by writing6

n <<= 1;3

“or construct a mask of n bits by writing5
=y 1 g

“and so forth. 8

for (c=0;v;c++) v &= v - 151

I

‘The idiom 15

&
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[y

Erf myerf; The name myerf is arbitrary.

Doub y = myerf.erf(3.);
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that is templated to accept either a function or functor. So if the object is 9

template <class T> 14
struct SomeStruct {
SomeStruct (T &func, ...); constructor

we would instantiate it with a functor like this: 11

Ftor ftor; 16
SomeStruct<Ftor> s(ftor, ...15

but with a function like this: 12
SomeStruct<Doub (const Doub)> s(fbare, ...1()

In this example, fbare takes a single const Doub argument and returns a Doub.7
You must use the arguments and return type for your specific case, of course.

1.3.4 Inheritance1

Objects can be defined as deriving from other, already defined, objects. In such5
inheritance, the “parent” class is called a base class, while the “child” class is called
a derived class. A derived class has all the methods and stored state of its base class,
plus it can add any new ones.

“Is-a” Relationships. The most straightforward use of inheritance is to de-3
scribe so-called is-a relationships. OOP texts are full of examples where the base
class is ZooAnimal and a derived class is Lion. In other words, Lion “is-a” ZooAni-
mal. The base class has methods common to all ZooAnimals, for example eat ()
and sleep (), while the derived class extends the base class with additional methods
specific to Lion, for example roar () and eat_visitor().

In this book we use is-a inheritance less often than you might expect. Except1
in some highly stylized situations, like optimized matrix classes (“triangular matrix
is-a matrix”’), we find that the diversity of tasks in scientific computing does not
lend itself to strict is-a hierarchies. There are exceptions, however. For example,
in Chapter 7, we define an object Ran with methods for returning uniform random
deviates of various types (e.g., Int or Doub). Later in the chapter, we define objects
for returning other kinds of random deviates, for example normal or binomial. These
are defined as derived classes of Ran, for example,

struct Binomialdev : Ran {};13

so that they can share the machinery already in Ran. This is a true is-a relationship, 6
because “binomial deviate is-a random deviate.”

Another example occurs in Chapter 13, where objects Daub4, Daub4i, and4
Daubs are all derived from the Wavelet base class. Here Wavelet is an abstract
base class or ABC [1,4] that has no content of its own. Rather, it merely specifies
interfaces for all the methods that any Wavelet is required to have. The relationship
is nevertheless is-a: “Daub4 is-a Wavelet”.

“Prerequisite” Relationships. Not for any dogmatic reason, but simply be- 2
cause it is convenient, we frequently use inheritance to pass on to an object a set of
methods that it needs as prerequisites. This is especially true when the same set of
prerequisites is used by more than one object. In this use of inheritance, the base
class has no particular ZooAnimal unity; it may be a grab-bag. There is not a logical
is-a relationship between the base and derived classes.

An example in Chapter 10 is Bracketmethod, which is a base class for several g
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minimization routines, but which simply provides a common method for the initial 1
bracketing of a minimum. In Chapter 7, the Hashtable object provides prerequisite
methods to its derived classes Hash and Mhash, but one cannot say, “Mhash is-a
Hashtable” in any meaningful way. An extreme example, in Chapter 6, is the base
class Gauleg18, which does nothing except provide a bunch of constants for Gauss-
Legendre integration to derived classes Beta and Gamma, both of which need them.
Similarly, long lists of constants are provided to the routines StepperDopr853 and
StepperRoss in Chapter 17 by base classes to avoid cluttering the coding of the
algorithms.

Partial Abstraction. Inheritance can be used in more complicated or situation- 2
specific ways. For example, consider Chapter 4, where elementary quadrature rules
such as Trapzd and Midpnt are used as building blocks to construct more elaborate
quadrature algorithms. The key feature these simple rules share is a mechanism for
adding more points to an existing approximation to an integral to get the “next” stage
of refinement. This suggests deriving these objects from an abstract base clase called
Quadrature, which specifies that all objects derived from it must have a next ()
method. This is not a complete specification of a common is-a interface; it abstracts
only one feature that turns out to be useful.

For example, in §4.6, the Stiel object invokes, in different situations, two dif- 3
ferent quadrature objects, Trapzd and DErule. These are not interchangeable. They
have different constructor arguments and could not easily both be made ZooAnimals
(as it were). Stiel of course knows about their differences. However, one of
Stiel’s methods, quad(), doesn’t (and shouldn’t) know about these differences.
It uses only the method next (), which exists, with different definitions, in both
Trapzd and DErule.

While there are several different ways to deal with situations like this, an easy 4
one is available once Trapzd and DErule have been given a common abstract base
class Quadrature that contains nothing except a virtual interface to next. In a
case like this, the base class is a minor design feature as far as the implementation of
Stiel is concerned, almost an afterthought, rather than being the apex of a top-down
design. As long as the usage is clear, there is nothing wrong with this.

Chapter 17, which discusses ordinary differential equations, has some evens
more complicated examples that combine inheritance and templating. We defer fur-
ther discussion to there.

CITED REFERENCES AND FURTHER READING: 2

Stroustrup, B. 1997, The C++ Programming Language, 3rd ed. (Reading, MA: Addison- 8
Wesley).[1]

Lippman, S.B., Lajoie, J., and Moo, B.E. 2005, C++ Primer, 4th ed. (Boston: Addison-Wesley).[2] 7
Keogh, J., and Giannini, M. 2004, OOP Demystified (Emeryville, CA: McGraw-Hill/Osborne).[3]
Cline, M., Lomow, G., and Girou, M. 1999, C++ FAQs, 2nd ed. (Boston: Addison-Wesley).[4]

1.4 Vector and Matrix Objects!

The C++ Standard Library [1] includes a perfectly good vector<> template g
class. About the only criticism that one can make of it is that it is so feature-rich
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that some compiler vendors neglect to squeeze the last little bit of performance out 3
of its most elementary operations, for example returning an element by its subscript.
That performance is extremely important in scientific applications; its occasional
absence in C++ compilers is a main reason that many scientists still (as we write)
program in C, or even in Fortran!

Also included in the C++ Standard Library is the class valarray<>. At one5
time, this was supposed to be a vector-like class that was optimized for numerical
computation, including some features associated with matrices and multidimensional
arrays. However, as reported by one participant,

The valarray classes were not designed very well. In fact, nobody tried to 4
determine whether the final specification worked. This happened because no-
body felt “responsible” for these classes. The people who introduced valarrays
to the C++ standard library left the committee a long time before the standard
was finished. [1]

The result of this history is that C++, at least now, has a good (but not always 1
reliably optimized) class for vectors and no dependable class at all for matrices or
higher-dimensional arrays. What to do? We will adopt a strategy that emphasizes
flexibility and assumes only a minimal set of properties for vectors and matrices.
We will then provide our own, basic, classes for vectors and matrices. For most
compilers, these are at least as efficient as vector<> and other vector and matrix
classes in common use. But if, for you, they’re not, then it is easy to change to a
different set of classes, as we will explain.

1.4.1 Typedefs1

Flexibility is achieved by having several layers of typedef type-indirection, 2
resolved at compile time so that there is no run-time performance penalty. The first
level of type-indirection, not just for vectors and matrices but for virtually all vari-
ables, is that we use user-defined type names instead of C++ fundamental types.
These are defined in nr3.h. If you ever encounter a compiler with peculiar built-
in types, these definitions are the “hook” for making any necessary changes. The
complete list of such definitions is

NR Type | Usual Definition Intent

Char char 8-bit signed integer
Uchar unsigned char 8-bit unsigned integer
Int int 32-bit signed integer
Uint unsigned int 32-bit unsigned integer
Llong long long int 64-bit signed integer
Ullong | unsigned long long int | 64-bit unsigned integer
Doub double 64-bit floating point
Ldoub long double [reserved for future use]
Complex | complex<double> 2 x 64-bit floating complex
Bool bool true or false

An example of when you might need to change the typedefs in nr3.h is if yourg
compiler’s int is not 32 bits, or if it doesn’t recognize the type long long int.
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*This is a bit of history, and derives from Fortran 90’s very useful INTENT attributes. 2
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v()

v(Int n)

v(Int n, const T &a)

v(Int n, const T *a)

v(const NRvector &rhs)
v.size()

v.resize(Int newn)
v.assign(Int newn, const T &a)
v[Int i]

v = rhs

typedef T value_type;

_1
'#define NRvector vector 7

oy e s comple vl DSESTDYBTOR., i he e 3. vl o3
—“

vv()
vv(Int n, Int m)
vv(Int n, Int m, const T &a)

vv(Int n, Int m, const T *a)

vv(const NRmatrix &rhs)

vv.nrows ()

vv.ncols()

vv.resize(Int newn, Int newm)

vv.assign(Int newn, Int newm,
const t &a)

vv[Int i]

v[Int i][Int j]

vv = rhs

typedef T value_type;
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1
Josuttis, N.M. 1999, The C++ Standard Library: A Tutorial and Reference (Boston: Addison-
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can substitute any code that you want for the body of the catch statement. If you3
want to distinguish between different kinds of exceptions that may be thrown, you
can use the information returned in err. We’ll let you figure this out yourself. And
of course you are welcome to add more complicated error classes to your own copy
of nr3.h.

1.5.2 Const Correctness1

Few topics in discussions about C++ evoke more heat than questions about the 1
keyword const. We are firm believers in using const wherever possible, to achieve
what is called “const correctness.” Many coding errors are automatically trapped
by the compiler if you have qualified identifiers that should not change with const
when they are declared. Also, using const makes your code much more readable:
When you see const in front of an argument to a function, you know immediately
that the function will not modify the object. Conversely, if const is absent, you
should be able to count on the object being changed somewhere.

We are such strong const believers that we insert const even where it is theo- 2
retically redundant: If an argument is passed by value to a function, then the function
makes a copy of it. Even if this copy is modified by the function, the original value is
unchanged after the function exits. While this allows you to change, with impunity,
the values of arguments that have been passed by value, this usage is error-prone and
hard to read. If your intention in passing something by value is that it is an input
variable only, then make it clear. So we declare a function f(x) as, for example,

Doub f(const Doub x); 10

If in the function you want to use a local variable that is initialized to x but then gets 8
changed, define a new quantity — don’t use x. If you put const in the declaration,
the compiler will not let you get this wrong.

Using const in your function arguments makes your function more general: 5
Calling a function that expects a const argument with a non-const variable involves
a “trivial” conversion. But trying to pass a const quantity to a non-const argument
1S an error.

A final reason for using const is that it allows certain user-defined conversions 7
to be made. As discussed in [1], this can be useful if you want to use Numerical
Recipes routines with another matrix/vector class library.

We now need to elaborate on what exactly const does for a nonsimple type 4
such as a class that is an argument of a function. Basically, it guarantees that the
object is not modified by the function. In other words, the object’s data members are
unchanged. But if a data member is a pointer to some data, and the data itself is not
a member variable, then the data can be changed even though the pointer cannot be.

Let’s look at the implications of this for a function £ that takes an NRvec-6
tor<Doub> argument a. To avoid unnecessary copying, we always pass vectors
and matrices by reference. Consider the difference between declaring the argument
of a function with and without const:

void f(NRvector<Doub> &a) versus void f(const NRvector<Doub> &a)

The const version promises that £ does not modify the data members of a. But a9
statement like

alil = 4.;
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inside the function definition is in principle perfectly OK — you are modifying the 8
data pointed to, not the pointer itself.

“Isn’t there some way to protect the data?”’ you may ask. Yes, there is: You can7
declare the return type of the subscript operator, operator[], to be const. This is
why there are two versions of operator [] in the NRvector class,

T & operator[] (const int i); 10
const T & operator[](const int i) const;

The first form returns a reference to a modifiable vector element, while the second re-9
turns a nonmodifiable vector element (because the return type has a const in front).

But how does the compiler know which version to invoke when you just write 5
a[il? That is specified by the trailing word const in the second version. It
refers not to the returned element, nor to the argument i, but to the object whose
operator[] is being invoked, in our example the vector a. Taken together, the
two versions say this to the compiler: “If the vector a is const, then transfer that
const’ness to the returned element a[i]. If it isn’t, then don’t.”

The remaining question is thus how the compiler determines whether a is const.4
In our example, where a is a function argument, it is trivial: The argument is either
declared as const or else it isn’t. In other contexts, a might be const because you
originally declared it as such (and initialized it via constructor arguments), or be-
cause it is a const reference data member in some other object, or for some other,
more arcane, reason.

As you can see, getting const to protect the data is a little complicated. Judg- 2
ing from the large number of matrix/vector libraries that follow this scheme, many
people feel that the payoff is worthwhile. We urge you always to declare as const
those objects and variables that are not intended to be modified. You do this both at
the time an object is actually created and in the arguments of function declarations
and definitions. You won’t regret making a habit of const correctness.

In §1.4 we defined vector and matrix type names with trailing _I labels, for3
example, VecDoub_TI and MatInt_I. The _I, which stands for “input to a function,”
means that the type is declared as const. (This is already done in the typedef
statement; you don’t have to repeat it.) The corresponding labels _0 and _IO are to
remind you when arguments are not just non-const, but will actually be modified
by the function in whose argument list they appear.

Having rightly put all this emphasis on const correctness, duty compels usg
also to recognize the existence of an alternative philosophy, which is to stick with
the more rudimentary view “const protects the container, not the contents.” In this
case you would want only one form of operator [], namely

T & operator[] (const int i) const;]

It would be invoked whether your vector was passed by const reference or not. In1
both cases element i is returned as potentially modifiable. While we are opposed to
this philosophically, it turns out that it does make possible a tricky kind of automatic
type conversion that allows you to use your favorite vector and matrix classes instead
of NRvector and NRmatrix, even if your classes use a syntax completely different
from what we have assumed. For information on this very specialized application,
see [1].
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*“A foolish consistency is the hobgoblin of little minds.” —Emerson 2
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you how closely related ObjA, 0bjB, and 0bjC are. If they are close, then the ABC2
approach offers possibilities for putting more than just tellme into the base class.
Putting things into the base class, whether data or pure virtual methods, lets the com-
piler enforce consistency across the derived classes. If you later write another derived
object ObjD, its consistency will also be enforced. For example, the compiler will
require you to implement a method in every derived class corresponding to every
pure virtual method in the base class.

By contrast, in the template approach, the only enforced consistency will be 3
that the method tellme exists, and this will only be enforced at the point in the code
where func is actually called with an ObjD argument (if such a point exists), not at
the point where ObjD is defined. Consistency checking in the template approach is
thus somewhat more haphazard.

Laid-back programmers will opt for templates. Up-tight programmers will opt 1
for ABCs. We opt for...both, on different occasions. There can also be other rea-
sons, having to do with subtle features of class derivation or of templates, for choos-
ing one approach over the other. We will point these out as we encounter them in
later chapters. For example, in Chapter 17 we define an abstract base class called
StepperBase for the various “stepper” routines for solving ODEs. The derived
classes implement particular stepping algorithms, and they are templated so they can
accept function or functor arguments (see §1.3.3).

1.5.4 NaN and Floating Point Exceptions 1

We mentioned in §1.1.1 that the IEEE floating-point standard includes a rep-5
resentation for NaN, meaning “not a number.” NaN is distinct from positive and
negative infinity, as well as from every representable number. It can be both a bless-
ing and a curse.

The blessing is that it can be useful to have a value that can be used with mean- 4
ings like “don’t process me” or “missing data” or “not yet initialized.” To use NaN
in this fashion, you need to be able to set variables to it, and you need to be able to
test for its having been set.

Setting is easy. The “approved” method is to use numeric_limits. Innr3.hg
the line

static const Doub NaN = numeric_limits<Doub>::quiet_NaN(); 12
defines a global value NaN, so that you can write things like 11

x = NaN; 14
at will. If you ever encounter a compiler that doesn’t do this right (it’s a pretty7
obscure corner of the standard library!), then try either

Uint proto_nan[2]=0xffffffff, Ox7fffffff; 15
double NaN = *( double* )proto_nan; 16

(which assumes little-endian behavior; cf. §1.1.1) or the self-explanatory 10

Doub NaN = sqrt(-1.); 13
which may, however, throw an immediate exception (see below) and thus not work g
for this purpose. But, one way or another, you can generally figure out how to get a
NaN constant into your environment.

Testing also requires a bit of (one-time) experimentation: According to the9
IEEE standard, NaN is guaranteed to be the only value that is not equal to itself!
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So, the “approved” method of testing whether Doub value x has been set to NaN is 8
if (x '=x) {...} It's a NaN!

(or test for equality to determine that it’s not a NaN). Unfortunately, at time of writ- 6
ing, some otherwise perfectly good compilers don’t do this right. Instead, they pro-
vide a macro isnan() that returns true if the argument is NaN, otherwise false.
(Check carefully whether the required #include ismath.h or float.h — it varies.)

What, then, is the curse of NaN? It is that some compilers, notably Microsoft, 1
have poorly thought-out default behaviors in distinguishing quiet NaNs from sig-
nalling NaNs. Both kinds of NaNs are defined in the IEEE floating-point standard.
Quiet NaNs are supposed to be for uses like those above: You can set them, test
them, and propagate them by assignment, or even through other floating operations.
In such uses they are not supposed to signal an exception that causes your program
to abort. Signalling NaNs, on the other hand, are, as the name implies, supposed to
signal exceptions. Signalling NaNs should be generated by invalid operations, such
as the square root or logarithm of a negative number, or pow (0. ,0.).

If all NaNs are treated as signalling exceptions, then you can’t make use of 2
them as we have suggested above. That’s annoying, but OK. On the other hand, if all
NaNs are treated as quiet (the Microsoft default at time of writing), then you will run
long calculations only to find that all the results are NaN — and you have no way of
locating the invalid operation that triggered the propagating cascade of (quiet) NaNs.
That’s not OK. It makes debugging a nightmare. (You can get the same disease if
other floating-point exceptions propagate, for example overflow or division-by-zero.)

Tricks for specific compilers are not within our normal scope. But this one is so 7
essential that we make it an “exception”: If you are living on planet Microsoft, then
the lines of code,

int cw = _controlfp(0,0);

cw &="(EM_INVALID | EM_OVERFLOW | EM_ZERODIVIDE );

_controlfp(cw,MCW_EM) ;
at the beginning of your program will turn NaNs from invalid operations, overflows, 4
and divides-by-zero into signalling NaNs, and leave all the other NaNs quiet. There
is a compiler switch, _TURNONFPES_ in nr3.h that will do this for you automatically.
(Further options are EM_UNDERFLOW, EM_INEXACT, and EM_DENORMAL, but we think
these are best left quiet.)

1.5.5 Miscellany 1

e Bounds checking in vectors and matrices, that is, verifying that subscripts are 3
in range, is expensive. It can easily double or triple the access time to sub-
scripted elements. In their default configuration, the NRvector and NRmatrix
classes never do bounds checking. However, nr3.h has a compiler switch,
_CHECKBOUNDS_, that turns bounds checking on. This is implemented by pre-
processor directives for conditional compilation so there is no performance
penalty when you leave it turned off. This is ugly, but effective.

The vector<> class in the C++ Standard Library takes a different tack. If 5
you access a vector element by the syntax v [i], there is no bounds checking.
If you instead use the at () method, as v.at (i), then bounds checking is
performed. The obvious weakness of this approach is that you can’t easily
change a lengthy program from one method to the other, as you might want to
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do when debugging. 9

e The importance to performance of avoiding unnecessary copying of large ob- 1
jects, such as vectors and matrices, cannot be overemphasized. As already
mentioned, they should always be passed by reference in function arguments.
But you also need to be careful about, or avoid completely, the use of func-
tions whose return type is a large object. This is true even if the return type is a
reference (which is a tricky business anyway). Our experience is that compil-
ers often create temporary objects, using the copy constructor, when the need
to do so is obscure or nonexistent. That is why we so frequently write void
functions that have an argument of type (e.g.) MatDoub_0 for returning the
“answer.” (When we do use vector or matrix return types, our excuse is either
that the code is pedagogical, or that the overhead is negligible compared to
some big calculation that has just been done.)

You can check up on your compiler by instrumenting the vector and matrix 3
classes: Add a static integer variable to the class definition, increment it within
the copy constructor and assignment operator, and look at its value before and
after operations that (you think) should not require any copies. You might be
surprised.

e There are only two routines in Numerical Recipes that use three-dimensional 2
arrays, r1ft3in §12.6, and solvde in §18.3. The file nr3.h includes a rudi-
mentary class for three-dimensional arrays, mainly to service these two rou-
tines. In many applications, a better way to proceed is to declare a vector of
matrices, for example,

vector<MatDoub> threedee(17); 11
for (Int i=0;i<17;i++) threedee[i].resize(19,21);10Q

which creates, in effect, a three-dimensional array of size 17 x 19 x 21. You7
can address individual components as threedee[1] [j] [k].

e “Why no namespace?” Industrial-strength programmers will notice that, un-4
like the second edition, this third edition of Numerical Recipes does not shield
its function and class names by a NR: : namespace. Therefore, if you are so
bold as to #include every single file in the book, you are dumping on the
order of 500 names into the global namespace, definitely a bad idea!

The explanation, quite simply, is that the vast majority of our users are not6
industrial-strength programmers, and most found the NR: : namespace annoy-
ing and confusing. As we emphasized, strongly, in §1.0.1, NR is not a program
library. If you want to create your own personal namespace for NR, please go
ahead.

e In the distant past, Numerical Recipes included provisions for unit- or one-5
based, instead of zero-based, array indices. The last such version was pub-
lished in 1992. Zero-based arrays have become so universally accepted that
we no longer support any other option.
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