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your approximation. We deal with function approximation in Chapter 5. 9
One can easily find pathological functions that make a mockery of any interpo- 8
lation scheme. Consider, for example, the function

f(x) =3x% + % In[(7r —x)*] + 1 (3.0.1)

which is well-behaved everywhere except at x = mpvery mildly singular at x = 7,4
and otherwise takes on all positive and negative values. Any interpolation based on
the values x = 3.13,3.14,3.15, 3.16,will assuredly get a very wrong answer for the
value x = 3:1416,leven though a graph plotting those five points looks really quite
smooth! (Try it.)

Because pathologies can lurk anywhere, it is highly desirable that an interpo- 2
lation and extrapolation routine should provide an estimate of its own error. Such
an error estimate can never be foolproof, of course. We could have a function that,
for reasons known only to its maker, takes off wildly and unexpectedly between two
tabulated points. Interpolation always presumes some degree of smoothness for the
function interpolated, but within this framework of presumption, deviations from
smoothness can be detected.

Conceptually, the interpolation process has two stages: (1) Fit (once) an inter- 7
polating function to the data points provided. (2) Evaluate (as many times as you
wish) that interpolating function at a target point x.

However, this two-stage method is usually not the best way to proceed in prac- 1
tice. Typically it is computationally less efficient, and more susceptible to roundoff
error, than methods that construct a functional estimate f(x) directly from the N
tabulated values every time one is desired. Many practical schemes start at a nearby
point f(x;)sand then add a sequence of (hopefully) decreasing corrections, as in-
formation from other nearby f(x;)’¥is incorporated. The procedure typically takes
O(M?)operations, where M < N s the number of local points used. If everything
is well behaved, the last correction will be the smallest, and it can be used as an in-
formal (though not rigorous) bound on the error. In schemes like this, we might also
say that there are two stages, but now they are: (1) Find the right starting position in
the table (x; ori). (2) Perform the interpolation using M nearby values (for example,
centered on X; ).

In the case of polynomial interpolation, it sometimes does happen that the co- 6
efficients of the interpolating polynomial are of interest, even though their use in
evaluating the interpolating function should be frowned on. We deal with this possi-
bility in §3.5.

Local interpolation, using M nearest-neighbor points, gives interpolated values 3
f(x) that do not, in general, have continuous first or higher derivatives. That hap-
pens because, as x crosses the tabulated values x; ,;the interpolation scheme switches
which tabulated points are the “local” ones. (If such a switch is allowed to occur
anywhere else, then there will be a discontinuity in the interpolated function itself at
that point. Bad idea!)

In situations where continuity of derivatives is a concern, one must use theg
“stiffer” interpolation provided by a so-called spline function. A spline is a polyno-
mial between each pair of table points, but one whose coefficients are determined
“slightly” nonlocally. The nonlocality is designed to guarantee global smoothness in
the interpolated function up to some order of derivative. Cubic splines (§3.3) are the
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Figure 3.0.1. (a) A smooth function (solid line) is more accurately interpolated by a high-order polyno-
mial (shown schematically as dotted line) than by a low-order polynomial (shown as a piecewise linear
dashed line). (b) A function with sharp corners or rapidly changing higher derivatives is less accurately
approximated by a high-order polynomial (dotted line), which is too “stiff,” than by a low-order polyno-
mial (dashed lines). Even some smooth functions, such as exponentials or rational functions, can be badly
approximated by high-order polynomials.

most popular. They produce an interpolated function that is continuous through the 3
second derivative. Splines tend to be stabler than polynomials, with less possibility
of wild oscillation between the tabulated points.

The number M of points used in an interpolation scheme, minus 1, is called 1
the order of the interpolation. Increasing the order does not necessarily increase
the accuracy, especially in polynomial interpolation. If the added points are distant
from the point of interest x, the resulting higher-order polynomial, with its additional
constrained points, tends to oscillate wildly between the tabulated values. This os-
cillation may have no relation at all to the behavior of the “true” function (see Figure
3.0.1). Of course, adding points close to the desired point usually does help, but a
finer mesh implies a larger table of values, which is not always available.

For polynomial interpolation, it turns out that the worst possible arrangement 2
of the x;’s is for them to be equally spaced. Unfortunately, this is by far the most
common way that tabulated data are gathered or presented. High-order polynomial
interpolation on equally spaced data is ill-conditioned: small changes in the data can
give large differences in the oscillations between the points. The disease is particu-
larly bad if you are interpolating on values of an analytic function that has poles in
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the complex plane lying inside a certain oval region whose major axis is the M -point4
interval. But even if you have a function with no nearby poles, roundoff error can, in
effect, create nearby poles and cause big interpolation errors. In §5.8 we will see that
these issues go away if you are allowed to choose an optimal set of x;’s3 But when
you are handed a table of function values, that option is not available.

As the order is increased, it is typical for interpolation error to decrease at first, 7
but only up to a certain point. Larger orders result in the error exploding.

For the reasons mentioned, it is a good idea to be cautious about high-order 2
interpolation. We can enthusiastically endorse polynomial interpolation with 3 or 4
points; we are perhaps tolerant of 5 or 6; but we rarely go higher than that unless there
is quite rigorous monitoring of estimated errors. Most of the interpolation methods
in this chapter are applied piecewise using only M points at a time, so that the order
is a fixed value M — 17no matter how large N is. As mentioned, splines (§3.3) are a
special case where the function and various derivatives are required to be continuous
from one interval to the next, but the order is nevertheless held fixed a a small value
(usually 3).

In §3.4 we discuss rational function interpolation. In many, but not all, cases, 1
rational function interpolation is more robust, allowing higher orders to give higher
accuracy. The standard algorithm, however, allows poles on the real axis or nearby in
the complex plane. (This is not necessarily bad: You may be trying to approximate
a function with such poles.) A newer method, barycentric rational interpolation
(§3.4.1) suppresses all nearby poles. This is the only method in this chapter for
which we might actually encourage experimentation with high order (say, > 6)4
Barycentric rational interpolation competes very favorably with splines: its error is
often smaller, and the resulting approximation is infinitely smooth (unlike splines).

The interpolation methods below are also methods for extrapolation. An impor- 3
tant application, in Chapter 17, is their use in the integration of ordinary differential
equations. There, considerable care is taken with the monitoring of errors. Other-
wise, the dangers of extrapolation cannot be overemphasized: An interpolating func-
tion, which is perforce an extrapolating function, will typically go berserk when the
argument x is outside the range of tabulated values by more (and often significantly
less) than the typical spacing of tabulated points.

Interpolation can be done in more than one dimension, e.g., for a function5
f(x, y,z). Multidimensional interpolation is often accomplished by a sequence of
one-dimensional interpolations, but there are also other techniques applicable to scat-
tered data. We discuss multidimensional methods in §3.6 — §3.8.

CITED REFERENCES AND FURTHER READING: 1
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interp_1d.h struct Base_interp
Abstract base class used by all interpolation routines in this chapter. Only the routine interp

is called directly by the user.
{
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m = ji + N
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Figure 3.1.1. Finding a table entry by bisection. Shown here is the sequence of steps that converge to |
element 50 in a table of length 64. (b) The routine hunt searches from a previous known position in
the table by increasing steps and then converges by bisection. Shown here is a particularly unfavorable
example, converging to element 31 from element 6. A favorable example would be convergence to an
element near 6, such as 8, which would require just three “hops.”

interp_1d.h Int Base_interp::hunt(const Doub x)
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9

_1

'3.1.2 Example: Linear Interpolation 1
_3

struct Linear_interp : Base_interp interp_linear.h

Piecewise linear interpolation object. Construct with X and y vectors, then call interp for
interpolated values.

{
Linear_interp(VecDoub_I &xv, VecDoub_I &yv)
: Base_interp(xv,&yv[0],2) {}
Doub rawinterp(Int j, Doub x) {
if (xx[jl==xx[j+1]) return yy[jl; Table is defective, but we can recover.
else return yy[jl + ((x-xx[j1)/(xx[j+1]1-xx[j1))*(yy[j+1]1-yy[j1);
¥
};

e vestos o st . ndnton v e Y
_7
_2

“When you want an interpolated value, it’s as simple as 6
-8
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3.2 Polynomial Interpolation and Extrapolationt

2

(x —x1)(x = x2)...(x — xp—1) 1
(x0 — x1)(x0 — x2)...(x0 — Xpr—1) 0
(x — x0)(x — x2)...(x — xpr—1)
(1 — x0) (X1 — x2)...(x1 _xM—l)yl L —
(x = x0)(x — x1)...(x — xpr—2)
(xpr—1 —x0)(Xpr—1 — X1)...(xp—1 — Xp—2)

P(x) =

YM—1

Xo : Yo = Po 2

Po1
X1 : y1 =P Po12

P Po123 (3.22)1
X2 y2 =P Pr23

P

X3 : y3=P3

I
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“daughter” P and its two “parents.” 6

(X = Xi+m) PiG+1)..i4m—1) + Xi = X) P11y +2)...(i+m) 3

PiGi1). .Gi+m) =

Xi — Xi+m

(3.23)4
3

4

Cn,i =P (+m)— Pi.(i+m-1) 2

(3.24)2
Dm,i = Pi. (i+m) — Pi+1)...(i+m)-

"Then one can easily derive from (3.2.3) the relations 5

_ igm+1 = X)(Cmjit1 — Dmyi) 1

Dyt1,i = P ;
i — Ai4+m+
3.2.5)3
(1 = X)(Cmi+1— Do) p—

Cnt1,i =

Xi = Xi+m+1

_2

7 interp_1d.h
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10

hp=xa[i+m]-x;
w=c[i+1]1-d[i];
if ((den=ho-hp) == 0.0) throw("Poly_interp error");
This error can occur only if two input xa’s are (to within roundoff) identical.
den=w/den;
d[i]=hp*den; Here the c¢'s and d's are updated.
c[i]=ho*den;
+= (d

=(2%(ns+1) < (mm-m) ? clns+1] : d[ns--1));

}

return y;

Int n=...;
VecDoub xx(n), yy(®);

y=Ay; + Byj+11 (3.3.1)2
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Xj+1 — X

A= 332)1

R M el

7

2

y = Ayj + Byj+1+Cy] + Dy, ;5 (3.3.3)3
“where A and B are defined in (3.3.2) and 9

C=LlA-Dxj1—x)> D=iB>-B)xj41—x)*4 (3344

_6

4

8

dy yir1—y; 34%2-1 2.1 3
= - (xXj+1 — X))V} + ————xj+1 — %)y}, (3356
dx  Xjy1—X; 6 6

d? 1

dxﬁ = Ayj + Byjy (3.3.6)2
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" Xj+1 = Xj—1 , | Xj+1 — X y// _ Vit =Y, YT V-1l
J—1 J Jarl = e e . — 7%
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4 interp_1d.h

6 interp_1d.h
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b=(x-xx[klo])/h; Cubic spline polynomial is now evaluated.
y=ax*yy [klo]+b*yy [khi]+((a*a*a-a)*y2[klo]

+(bxb*b-b) *y2 [khil)* (h*h)/6.0;
return y;

‘Typical use looks like this: 7

Int n=...;
VecDoub xx(n), yy(@);

Spline_interp myfunc(xx,yy);
and then, as often as you like,

Doub x,y;

y = myfunc.interp(x);

Pu(x)  po+pix+---+puxta
0v(x)  go+q1x+ -+ qux?

RiG+1)...i+m) = 3.4.1)2

4
mH+l=p+v+12 (3.4.2)3
3

2
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to be interpolated itself has poles. More often, the function f(x)ds finite for all finite 1
real x but has an analytic continuation with poles in the complex x-plane. Such poles
can themselves ruin a polynomial approximation, even one restricted to real values
of x, just as they can ruin the convergence of an infinite power series in x. If you
draw a circle in the complex plane around your m tabulated points, then you should
not expect polynomial interpolation to be good unless the nearest pole is rather far
outside the circle. A rational function approximation, by contrast, will stay “good”
as long as it has enough powers of x in its denominator to account for (cancel) any
nearby poles.

For the interpolation problem, a rational function is constructed so as to go3
through a chosen set of tabulated functional values. However, we should also men-
tion in passing that rational function approximations can be used in analytic work.
One sometimes constructs a rational function approximation by the criterion that the
rational function of equation (3.4.1) itself have a power series expansion that agrees
with the first m + 1 terms of the power series expansion of the desired function f(x)3
This is called Padé approximation and is discussed in §5.12.

Bulirsch and Stoer found an algorithm of the Neville type that performs ratio- 2
nal function extrapolation on tabulated data. A tableau like that of equation (3.2.2)
is constructed column by column, leading to a result and an error estimate. The
Bulirsch-Stoer algorithm produces the so-called diagonal rational function, with the
degrees of the numerator and denominator equal (if 7 is even) or with the degree
of the denominator larger by one (if m is odd; cf. equation 3.4.2 above). For the
derivation of the algorithm, refer to[1]. The algorithm is summarized by a recur-
rence relation exactly analogous to equation (3.2.3) for polynomial approximation:

Ri+1)...(+m) = R(i+1)...(+m) 1
Ri+1)...(i+m) — Ri..(i+m—1) (3.4.3)

X=X 1 — —Ratv..itm—Ri. i+m=1) 1
X—Xi4+m Ri+1)...i+m)—Ri+1)...(i+m—1)

This recurrence generates the rational functions through 7 + 1 points from the ones 4
through m and (the term R +1).. (i+m—1)dn equation 3.4.3) m — 1 points. Itis started
with

+

R; = Yib (344)

and with 7
R = [Rii+1)..i+m) With m=—-1]=03 (3.4.5)

Now, exactly as in equations (3.2.4) and (3.2.5) above, we can convert the re-5
currence (3.4.3) to one involving only the small differences

Cni=Ri ¢ = IRy (=) P
m,i i...(i+m) i..(i+m—1) (346)
Dm,i = Ri..(i+m) — Ri+1)...(+m)

Note that these satisfy the relation 6

Cin+1,i — Dmt1i = Cmjit1— Dmid (3.4.7)
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‘which is useful in proving the recurrences 2

= Cm,i+1(Cmi+1 — Dm,i) 1
m+1,0 — JF=0%s D. . C. .
m m,i — “m,i+1
— (3.4.8)2
Coiy;: = (%) Dim,i(Cmji+1 — Dm,i)
mtl,i = (ﬂz_) Dt — Con i1
X=Xi+m+1 > ,
1

interp_1d.h struct Rat_interp : Base_interp
Diagonal rational function interpolation object. Construct with X and y vectors, and the number
m of points to be used locally, then call interp for interpolated values.

{

Doub dy;

Rat_interp(VecDoub_I &xv, VecDoub_I &yv, Int m)
: Base_interp(xv,&yv[0],m), dy(0.) {}

Doub rawinterp(Int jl, Doub x);
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} 5
y += (dy=(2*%(ns+1) < (mm-m) ? c[ns+1] : d[ns--1));
}
return y;

3.4.1 Barycentric Rational Interpolation1

Suppose one tries to use the above algorithm to construct a global approxima- 1
tion on the entire table of values using all the given nodes xg, x1,...,xy—1. One
potential drawback is that the approximation can have poles inside the interpolation
interval where the denominator in (3.4.1) vanishes, even if the original function has
no poles there. An even greater (related) hazard is that we have allowed the order of
the approximation to grow to N' — 1Zprobably much too large.

An alternative algorithm can be derived [2] that has no poles anywhere on the 2
real axis, and that allows the actual order of the approximation to be specified to be
any integer d < N 5The trick is to make the degree of both the numerator and the
denominator in equation (3.4.1) be N — 1.1 This requires that the p’s and the ¢’s not
be independent, so that equation (3.4.2) no longer holds.

The algorithm utilizes the barycentric form of the rational interpolant 7

(3.4.9)

One can show that by a suitable choice of the weights w;, every rational inter-3
polant can be written in this form, and that, as a special case, so can polynomial
interpolants [3]. It turns out that this form has many nice numerical properties. Bary-
centric rational interpolation competes very favorably with splines: its error is often
smaller, and the resulting approximation is infinitely smooth (unlike splines).

Suppose we want our rational interpolant to have approximation order d, i.e., if5
the spacing of the points is O (/) the error is O(h%*')%s h — 0.1Then the formula
for the weights is

k . i+d 1 1

we= Y (DFJ] P (3.4.10)

i=k—d J=i

0<i<N-—d Jj#k

For example, 8
we = (D, d=03
o — (—1)"_1 1 N 1 ’ A1l 34.11)
Xk — Xk—1 Xk+1 — Xk

In the last equation, you omit the terms in wo and wy—1 that refer to out-of-range 6
values of xj.

Here is a routine that implements barycentric rational interpolation. Given a4
set of NV nodes and a desired order d, with d < N /it first computes the weights
wg. Then subsequent calls to interp evaluate the interpolant using equation (3.4.9).
Note that the parameter j1 of rawinterp is not used, since the algorithm is designed
to construct an approximation on the entire interval at once.
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interp_1d.h
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3.5 Coefficients of the Interpolating Polynomial:

y = cotcix +eax?+ - +ey_xN712 3.5.1)1
yo |1
2 =il
1 x.l Xq x1. C.l _ y.1 (3.52)2
1 xy—1 x%_, - xNZH] Lewa YN-1
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4
3

5
-6

'3.5.1 Another Method1
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4 polcoef.h

CITED REFERENCES AND FURTHER READING:

Isaacson, E., and Keller, H.B. 1966, Analysis of Numerical Methods; reprinted 1994 (New York:
Dover), §5.2.
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3.6 Interpolation on a Grid in Multidimensions!

In multidimensional interpolation, we seek an estimate of a function of more 1
than one independent variable, y(x1, X2, ..., X, ) 2The Great Divide is, Are we given
a complete set of tabulated values on an n-dimensional grid? Or, do we know func-
tion values only on some scattered set of points in the n-dimensional space? In one
dimension, the question never arose, because any set of x; sficnce sorted into as-
cending order, could be viewed as a valid one-dimensional grid (regular spacing not
being a requirement).

As the number of dimensions n gets large, maintaining a full grid becomes 2
rapidly impractical, because of the explosion in the number of gridpoints. Methods
that work with scattered data, to be considered in §3.7, then become the methods
of choice. Don’t, however, make the mistake of thinking that such methods are
intrinsically more accurate than grid methods. In general they are less accurate. Like
the proverbial three-legged dog, they are remarkable because they work at all, not
because they work, necessarily, well!

Both kinds of methods are practical in two dimensions, and some other kinds as 3
well. For example, finite element methods, of which triangulation is the most com-
mon, find ways to impose some kind of geometrically regular structure on scattered
points, and then use that structure for interpolation. We will treat two-dimensional
interpolation by triangulation in detail in §21.6; that section should be considered as
a continuation of the discussion here.

In the remainder of this section, we consider only the case of interpolating on5
a grid, and we implement in code only the (most common) case of two dimensions.
All of the methods given generalize to three dimensions in an obvious way. When
we implement methods for scattered data, in §3.7, the treatment will be for general n.

In two dimensions, we imagine that we are given a matrix of functional values 6
vijswithi =0,...,M —1land j =0,..., N — 15We are also given an array of x5
values x1;; and an array of x5 values x5, with i and j as just stated. The relation of
these input quantities to an underlying function y (x1, x5)ds just

Yij = y(x1i, X25) 3 (3.6.1)

We want to estimate, by interpolation, the function y at some untabulated point7
(x1.x2)14

An important concept is that of the grid square in which the point (x1,x2)4p
falls, that is, the four tabulated points that surround the desired interior point. For
convenience, we will number these points from 0 to 3, counterclockwise starting
from the lower left. More precisely, if

X1i = X1 = X136+1) 2

(3.6.2)
X2j = X2 = X2(j+1)
defines values of i and j, then 8
Yo = DVij 1
V1= Vi+1)j (3.6.3)

Y2 = V3i+1)3G+1)
Y3 = Di(j+1)
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w

t=(x1—x11)/(X16+1) — X11) 1

3.6.4)2
u = (x2 — x2;)/(X2(j+1) — X2;5) p—

5

y(x1,x2) = (A =0)(1 —w)yo +t(1 —u)ys +tuy, + (1 =t)uyz2  (3.6.5)3

interp_2d.h
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interp_2d.h
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interp_2d.h
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pt. number

. t.
O 9 o}oYofo
desired pt. x= x2u y
@‘/ (x1,X2) & B
dz dy/oxy g %@_QQ.@\\»@
wlon| S
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v . ”
o= %21 0°y/0dx10x,
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x x
I a1 I
=) =
(a) (b)

Figure 3.6.1. (a) Labeling of points used in the two-dimensional interpolation routines bcuint and
bcucof. (b) For each of the four points in (a), the user supplies one function value, two first derivatives,
and one cross-derivative, a total of 16 numbers.

3.6.3 Higher Order for Smoothness: Bicubic Interpolation 1

Bicubic interpolation gives the same degree of smoothness as bicubic spline 3
interpolation, but it has the advantage of being a local method. Thus, after you set it
up, a function interpolation costs only a constant, plus log M + log N /ito find your
place in the table. Unfortunately, this advantage comes with a lot of complexity in
coding. Here, we will give only some building blocks for the method, not a complete
user interface.

Bicubic splines are in fact a special case of bicubic interpolation. In the gen-1
eral case, however, we leave the values of all derivatives at the grid points as freely
specifiable. You, the user, can specify them any way you want. In other words,
you specify at each grid point not just the function y(x1, x»)sbut also the gradients
dy/0x; = y,1, 0y/0x, = yprand the cross derivative 02y /0x10x3 = .12 (see
Figure 3.6.1). Then an interpolating function that is cubic in the scaled coordinates ¢
and u (equation 3.6.4) can be found, with the following properties: (i) The values of
the function and the specified derivatives are reproduced exactly on the grid points,
and (ii) the values of the function and the specified derivatives change continuously
as the interpolating point crosses from one grid square to another.

It is important to understand that nothing in the equations of bicubic interpola- 2
tion requires you to specify the extra derivatives correctly! The smoothness proper-
ties are tautologically “forced,” and have nothing to do with the “accuracy” of the
specified derivatives. It is a separate problem for you to decide how to obtain the
values that are specified. The better you do, the more accurate the interpolation will
be. But it will be smooth no matter what you do.

Best of all is to know the derivatives analytically, or to be able to compute them 4
accurately by numerical means, at the grid points. Next best is to determine them by
numerical differencing from the functional values already tabulated on the grid. The
relevant code would be something like this (using centered differencing):
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ylaljl [k]l=(yalj+1] [k]l-yal[j-1][k]1)/(xlalj+1]-x1alj-1]1); 2

y2aljl [k]1=(yalj] [k+1]-ya[j] [k-11)/(x2a[k+1]-x2a[k-1]);

y12al[j] [kl=(yal[j+1] [k+1]-yal[j+1] [k-1]-yal[j-1] [k+1]1+yal[j-1] [k-11)
/((x1a[j+1]-x1a[j-1])*(x2a[k+1]-x2a[k-1]1));

3 3 1
y(x1,x2) = ZZcijt’uJ
i=0 /=0
3 3 -
Yaxrx2) =" Vit ul (di/dxy)
’:‘”j" (3.6.6)2
Yol x2) = Y jeyt'u/ T (du/dx)
i=0 /=0
5 3 -
yaa(xr.x2) = Y Y ijeit' Tl TN (dt Jdxy) (du/dx)
i=0,/=0

interp_2d.h
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Kinahan, B.F., and Harm, R. 1975, “Chemical Composition and the Hertzsprung Gap,” Astro-
physical Journal, vol. 200, pp. 330-335.
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&0

©
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some assumed functional form ¢ (r) = the radial basis function — that is a function 3
only of radial distance r = [x — X;|from the point. Let us try to approximate the
interpolating function everywhere by a linear combination of the ¢’s, centered on all
the known points,
N—1 3
yx) =) wip(x —x;|) (3.7.1)

i=0

where the w;’s are some unknown set of weights. How do we find these weights?4
Well, we haven’t used the function values y; yet. The weights are determined by re-
quiring that the interpolation be exact at all the known data points. That is equivalent
to solving a set of N linear equations in N unknowns for the w;’s:15

N-1

2
vi= > wid(x; —x]) 3.7.2)

i=0

For many functional forms ¢, it can be proved, under various general assumptions, 7
that this set of equations is nondegenerate and can be readily solved by, e.g., LU
decomposition (§2.3). References [1,2] provide entry to the literature.

A variant on RBF interpolation is normalized radial basis function (NRBF) in- 6
terpolation, in which we require the sum of the basis functions to be unity or, equiv-
alently, replace equations (3.7.1) and (3.7.2) by

Y wig(lx —x;[) 4

y(x) = — (3.7.3)
S d(lx —xi))
and 8
N-1 N—1 1
i Yo% —xil) = Y wig(Ix; —xi) (3.7.4)
i=0 i=0

Equations (3.7.3) and (3.7.4) arise more naturally from a Bayesian statistical perspec- 5
tive [3]. However, there is no evidence that either the NRBF method is consistently
superior to the RBF method, or vice versa. It is easy to implement both methods in
the same code, leaving the choice to the user.

As we already mentioned, for N data points the one-time work to solve for the 1
weights by LU décomposition is O (N )9 After that, the cost is O(N ) for each inter-
polation. Thus N ~ 102 is a rough dividing line (at 2007 desktop speeds) between
“easy” and “difficult.” If your N is larger, however, don’t despair: There are fast
multipole methods, beyond our scope here, with much more favorable scaling [1,4,5].
Another, much lower-tech, option is to use Shepard interpolation discussed later in
this section.

Here are a couple of objects that implement everything discussed thus far.?2
RBF_fn is a virtual base class whose derived classes will embody different func-
tional forms for rbf(r) = ¢ (r)5RBF_interp, via its constructor, digests your data
and solves the equations for the weights. The data points x; are input as an N X n 7
matrix, and the code works for any dimension n. A boolean argument nrbf inputs
whether NRBF is to be used instead of RBE. You call interp to get an interpolated
function value at a new point X.
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2 interp_rbf.h
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() = (2 +rP)V23 (3.7.5)

where 7 s a scale factor that you get to choose. Multiquadrics are said to be less 6
sensitive to the choice of rg than some other functional forms.

In general, both for multiquadrics and for other functions, below, r¢ should 1
be larger than the typical separation of points but smaller than the “outer scale” or
feature size of the function that you are interpolating. There can be several orders
of magnitude difference between the interpolation accuracy with a good choice for
705 Versus a poor choice, so it is definitely worth some experimentation. One way to
experiment is to construct an RBF interpolator omitting one data point at a time and
measuring the interpolation error at the omitted point.

The inverse multiquadric 11
o(r) = (r2 +r2)"1/22 (3.7.6)

gives results that are comparable to the multiquadric, sometimes better. 7
It might seem odd that a function and its inverse (actually, reciprocal) work 2

about equally well. The explanation is that what really matters is smoothness, and
certain properties of the function’s Fourier transform that are not very different be-
tween the multiquadric and its reciprocal. The fact that one increases monotonically
and the other decreases turns out to be almost irrelevant. However, if you want the
extrapolated function to go to zero far from all the data (where an accurate value is
impossible anyway), then the inverse multiquadric is a good choice.

The thin-plate spline radial basis function is 10
¢(r) = r?log(r/ro) 4 (3.7.7)

with the limiting value ¢(0) = 0‘assumed. This function has some physical justi-5
fication in the energy minimization problem associated with warping a thin elastic
plate. There is no indication that it is generally better than either of the above forms,
however.

The Gaussian radial basis function is just what you’d expect, 8
¢(r) =exp(—3r’/r§) 1 (3.7.8)

The interpolation accuracy using Gaussian basis functions can be very sensitive to4
ro;7and they are often avoided for this reason. However, for smooth functions and
with an optimal 7o, very high accuracy can be achieved. The Gaussian also will
extrapolate any function to zero far from the data, and it gets to zero quickly.

Other functions are also in use, for example those of Wendland [6]. There is3
a large literature in which the above choices for basis functions are tested against
specific functional forms or experimental data sets [1,2,7]. Few, if any, general rec-
ommendations emerge. We suggest that you try the alternatives in the order listed
above, starting with multiquadrics, and that you not omit experimenting with differ-
ent choices of the scale parameters o

The functions discussed are implemented in code as: 9
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interp_rbf.h

‘Typical use of the objects in this section should look something like this: 3

Int npts=...,ndim=...;
Doub rO=...;

MatDoub pts(npts,ndim);
VecDoub y(npts);

RBF_multiquadric multiquadric(r0);
RBF_interp myfunc(pts,y,multiquadric,0);

followed by any number of interpolation calls,

VecDoub pt(ndim) ;
Doub val;

val = myfunc.interp(pt);

3.7.3 Shepard Interpolation?

N-1 . —_x:N1
y(X) — lTVO_lqus(lx Xll) (379)2

izo P(x —xi])
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p(r)y=r""1 (3.7.10)2

interp_rbf.h
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(r) ~ %([y(x +r)— y(x)]z) 3 (3.7.11)4

Y=(y0,J’1’---’J’N—1’0) 2

3.7.12)1
V= (U*I,U*z,---,v*,N—l,l) ¢ )
‘and an (N + 1) x (N + 1) symmetric matrix, 8
Voo Vo1 coa Vo,N—1 1 1
V10 V11 000 Vi,N—-1 1
V= (3.7.13)5
UN-1,0 VUN-1,1 UN-1,N-1 |
1 1 1 0
‘Then the kriging interpolation estimate Jx & y (x.) is given by 9
P+ =V, -V1.Y5 (3.7.14)2

Var(3x) = V- V1.V, 4 (3.7.15)3
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v(r) = arf (3.7.16)2

_1
-7‘(!h

“Sample code for interpolating on a set of data points is §

MatDoub x(npts,ndim);
VecDoub y(npts), xstar(ndim);

Powvargram vgram(x,y);
Krig<Powvargram> krig(x,y,vgram);

followed by any number of interpolations of the form 6
‘ystar = krig.interp(xstar); g
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interp_curve.h
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vo = —Coyo + C1y1 — Cayz + C3y3 2 (3.7.17)3
‘where 2 .11
Co=—+—+— !
S1 §2 S3
C = 5253
s1(s2 — 51)(s3 — 51) (3.7.18)2
C 5153 o
27 (52— 51)52(53 — 52)
5182
Cr =
27 (53— 51)(53 — 52)53
'with 3

§1 =X1—X03
S2 = X9 — Xg (3.7.19)4
§3 = X3 — X9

'CITED REFERENCES AND FURTHER READING: 1
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3.8 Laplace Interpolation:

V2y =03 (3.8.1)3
‘wherever there is no data, and which satisfies 14
y(xi) =yi2 (3.82)1

2

/ IVyPdo? (3.8.3)2
Q

5
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N

Yo—tyu—lyg—ly—1y =01 (3.84)1

5

Yo = Yo(measured) 2 (3.8.5)3
6

3

Yo— 2Yu—2ya =0 (left and right boundaries) 3
Yo — % y — % y, =0 (top and bottom boundaries)
Yo—3YVr—2ya =0  (top-left corner)
Yo—2yi—3ya =0 (top-right corner)

Yo—2Vr— 2y =0  (bottom-left corner)

(3.8.6)2

Yo — % y — % Yu =0 (bottom-right corner)

g interp_laplace.h
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for (k=0;k<nn;k++) { Fill the r.h.s. vector, the initial guess,
i=k/jj; and a mask of the missing data.
j =k - ixjj;

if (mat[il[j] < 1.e99) {
blk] = ylkl = vl = mat[i][j];

mask[k] = 1;
} else {

blk] = 0.;

ykl = v1;

mask[k] = 0;

}

void asolve(VecDoub_I &b, VecDoub_0 &x, const Int itrnsp);
void atimes(VecDoub_I &x, VecDoub_0 &r, const Int itrnsp);
See definitions below. These are the real algorithmic content.

Doub solve(Doub tol=1.e-6, Int itmax=-1) {

};

void Laplace_interp::asolve(VecDoub_I &b, VecDoub_0 &x, const Int itrnsp) {
Diagonal preconditioner. (Diagonal elements all unity.)

Int i,n=b.size();

for (i=0;i<n;i++) x[i] = bl[il;
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'3.8.1 Minimum Curvature Methods1

V(Vy)=01 (3.8.7)2
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|

[ v2yPRaqt (3.8.8)1
Q

‘Minimum curvature methods are widely used in the earth-science community [3.4]. 10

CITED REFERENCES AND FURTHER READING: 1
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