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Figure 4.1.1. Quadrature formulas with equally spaced abscissas compute the integral of a function
between xg and x .l(ilosed formulas evaluate the function on the boundary points, while open formulas
refrain from doing so (useful if the evaluation algorithm breaks down on the boundary points).

equally spaced steps have a certain elegance about them, and they are redolent with 2
historical association. Through them, the modern numerical analyst communes with
the spirits of his or her predecessors back across the centuries, as far as the time
of Newton, if not farther. Alas, times do change; with the exception of two of the
most modest formulas (“extended trapezoidal rule,” equation 4.1.11, and “extended
midpoint rule,” equation 4.1.19; see §4.2), the classical formulas are almost entirely
useless. They are museum pieces, but beautiful ones; we now enter the museum.
(You can skip to §4.2 if you are not touristically inclined.)

Some notation: We have a sequence of abscissas, denoted xo, x1, ..., Xy 1. XN, %)
that are spaced apart by a constant step /,

xi=xo+ih i=0,1,....,N1 @.1.1)
A function f(x)has known values at the x;’s,5

fGxi) = fi2 (4.1.2)

We want to integrate the function f(x) between a lower limit @ and an upper limit b, 1
where a and b are each equal to one or the other of the x;’s.2An integration formula
that uses the value of the function at the endpoints, f(a) or f(b),/is called a closed
formula. Occasionally, we want to integrate a function whose value at one or both
endpoints is difficult to compute (e.g., the computation of f goes to a limit of zero
over zero there, or worse yet has an integrable singularity there). In this case we
want an open formula, which estimates the integral using only X; s strictly between
a and b (see Figure 4.1.1).

The basic building blocks of the classical formulas are rules for integrating a3
function over a small number of intervals. As that number increases, we can find
rules that are exact for polynomials of increasingly high order. (Keep in mind that
higher order does not always imply higher accuracy in real cases.) A sequence of
such closed formulas is now given.
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4.1.1 Closed Newton-Cotes Formulas?
Trapezoidal rule: 10

/xl f(x)dx = tho + %fl} + O3 f") . (4.1.3)

Here the error term O( ) signifies that the true answer differs from the estimate by 1
an amount that is the product of some numerical coefficient times /3 times the value
of the function’s second derivative somewhere in the interval of integration. The
coefficient is knowable, and it can be found in all the standard references on this
subject. The point at which the second derivative is to be evaluated is, however,
unknowable. If we knew it, we could evaluate the function there and have a higher-
order method! Since the product of a knowable and an unknowable is unknowable,
we will streamline our formulas and write only O( ), instead of the coefficient.
Equation (4.1.3) is a two-point formula (xo and x;). It is exact for polynomials 2
up to and including degree 1, i.e., f(x) = x5 One anticipates that there is a three-
point formula exact up to polynomials of degree 2. This is true; moreover, by a
cancellation of coefficients due to left-right symmetry of the formula, the three-point
formula is exact for polynomials up to and including degree 3, i.e., f(x) = x35

Simpson’s rule: 9
2 1 4 1 5 p(4), 2
[ e =i[3n+ 30+ 35] +owsr®) @iy
X0

Here f® imeans the fourth derivative of the function f evaluated at an unknown3
place in the interval. Note also that the formula gives the integral over an interval of
size 2h, so the coefficients add up to 2.

There is no lucky cancellation in the four-point formula, so it is also exact for6
polynomials up to and including degree 3.

Simpson’s % Fule: 11

2 3 9 9 3 5 @4
fydx=h|l<fo+<fi+<sfo+<fz| +OEfD) (4.1.5)
xo 8 8 8 8
The five-point formula again benefits from a cancellation: 7
Bode’s rule: 12

& 14 64 24 64 14 3
dx = h| — — = — — o’ £©
/xo f(x)dx [45fo+45f1+45f2+45f3+45f4} + O’ f©)
(4.1.6)
This is exact for polynomials up to and including degree 5. 8

At this point the formulas stop being named after famous personages, so wes
will not go any further. Consult [1] for additional formulas in the sequence.

4.1.2 Extrapolative Formulas for a Single Interval 1

We are going to depart from historical practice for a moment. Many texts would 4
give, at this point, a sequence of “Newton-Cotes Formulas of Open Type.” Here is
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an example: 6
N I ECE R e 5 @)
[ rex =l Sk it g h] +005r®)

Notice that the integral from a = xt0 b = x5 is estimated, using only the interior 2
points xj, Xp, X3, X4. /In our opinion, formulas of this type are not useful for the
reasons that (i) they cannot usefully be strung together to get “extended” rules, as we
are about to do with the closed formulas, and (ii) for all other possible uses they are
dominated by the Gaussian integration formulas, which we will introduce in §4.6.

Instead of the Newton-Cotes open formulas, let us set out the formulas for esti- 3
mating the integral in the single interval from xg 10 x5 nsing values of the function
f at xq1,x3, ... 2These will be useful building blocks later for the “extended” open
formulas.

/lf&wx=ﬂﬁ]«+0w706 “17)
! _3 1 3 7

/ ﬂwwzhiﬁ—iq 0GR @18
X1 23 16 5 4

[xo f(x)dx =h _Efl — Efz + Efg} + O f®) (4.1.9)
X1 = 3

[ rwas=n[Zh-5h+5h-5h] +00i ) Gro

Perhaps a word here would be in order about how formulas like the above can 1
be derived. There are elegant ways, but the most straightforward is to write down the
basic form of the formula, replacing the numerical coefficients with unknowns, say
P.q,r,s.oWithout loss of generality take xo = Oand x; = 1,)$0 & = 1. Substitute
in turn for f(x)(and for f1, f>, f3, fa)the functions f(x) = 1, f(x) = x, f(x) =9
x2l4and f(x) = x Doing the integral in each case reduces the left-hand side to
a number and the right-hand side to a linear equation for the unknowns p,q,r,s.
Solving the four equations produced in this way gives the coefficients.

4.1.3 Extended Formulas (Closed)1

If we use equation (4.1.3) N — 1iimes to do the integration in the intervals 4
(x0,x1), (x1,x2),..., (xy—2,xny—1)5and then add the results, we obtain an “ex-25
tended” or “composite” formula for the integral from xo to xy—1o(

Extended trapezoidal rule: 7

/XN_I f(x)dx = h[%fo T A+t

0

4.1.11)

(b _ a)3f//)
N2

"'+fN—2+%fN—1:| +0(

Here we have written the error estimate in terms of the interval b — a and the number 5
of points N instead of in terms of 4. This is clearer, since one is usually holding a and
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b fixed and wanting to know, e.g., how much the error will be decreased by taking 4
twice as many steps (in this case, it is by a factor of 4). In subsequent equations we
will show only the scaling of the error term with the number of steps.

For reasons that will not become clear until §4.2, equation (4.1.11) is in fact the 3
most important equation in this section; it is the basis for most practical quadrature
schemes.

The extended formula of order 1/ N3 is 7

[ rwax = st A+t it

0
13 5 1
_ = = o —
+ fn-3+ IZfN 2+ IZfN 1] + (N3)
(4.1.12)
(We will see in a moment where this comes from.) 8
If we apply equation (4.1.4) to successive, nonoverlapping pairs of intervals, 6
we get the extended Simpson’s rule:

2 1

XN -1 1 4 4
/xo f(x)dx=h|:§f0+§f1+§f2+§f3+
(4.1.13)

500 o %fN—3 + ng—z + %fN—1i| + 0 (W)
Notice that the 2/3, 4/3 alternation continues throughout the interior of the evalu-2
ation. Many people believe that the wobbling alternation somehow contains deep
information about the integral of their function that is not apparent to mortal eyes.
In fact, the alternation is an artifact of using the building block (4.1.4). Another
extended formula with the same order as Simpson’s rule is

/x o f(x)dx = h[%fo + %fl + ;fz + 3+ fat+

(0}
23 7 3
ot s+ fN-a+ ﬁfN—3 + ng—z + ng—1}

L0 (L) @.1.14)

N4
This equation is constructed by fitting cubic polynomials through successive groups 1
of four points; we defer details to §19.3, where a similar technique is used in the
solution of integral equations. We can, however, tell you where equation (4.1.12)
came from. It is Simpson’s extended rule, averaged with a modified version of itself
in which the first and last steps are done with the trapezoidal rule (4.1.3). The trape-
zoidal step is two orders lower than Simpson’s rule; however, its contribution to the
integral goes down as an additional power of N (since it is used only twice, not N
times). This makes the resulting formula of degree one less than Simpson.

4.1.4 Extended Formulas (Open and Semi-Open) 1

We can construct open and semi-open extended formulas by adding the closed 5
formulas (4.1.11) — (4.1.14), evaluated for the second and subsequent steps, to the
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extrapolative open formulas for the first step, (4.1.7) — (4.1.10). As discussed imme- 1
diately above, it is consistent to use an end step that is of one order lower than the
(repeated) interior step. The resulting formulas for an interval open at both ends are
as follows.

Equations (4.1.7) and (4.1.11) give 8

XN—1 3 3 1 \4
[ sedx =Sk ot Skt freak v | 40 (5
X0 2 2 N
(4.1.15)
Equations (4.1.8) and (4.1.12) give 7
2

[ rwax = DA+ Gt Sk ot

0

N3
(4.1.16)

7 23 1
_ — (B = o ol —
+ fn 4+12fN 3+12f1v 2} 4 ( )
Equations (4.1.9) and (4.1.13) give 6

EN-1 27 13 4
[ rwax =l T o4 Sat LA

0

4 13 27 1
ceed — b A 0+ 2= fyv_ o —
+ 3fN 5+ 12fN 4+0+ 12fN 2] + (N“)
4.1.17)
The interior points alternate 4/3 and 2/3. If we want to avoid this alternation, 5
we can combine equations (4.1.9) and (4.1.14), giving

AN—1 55 1 11 3
/ f(x)dx=h|:ﬂf1—8f2+§f3+f4+fs+f6+
X0
11 1 55
o+ fn_e+ fn—s5+ ng—4 = ng—3 + ﬁfzv—z]
1
Lo (W) @.1.18)

We should mention in passing another extended open formula, for use where 2
the limits of integration are located halfway between tabulated abscissas. This one is
known as the extended midpoint rule and is accurate to the same order as (4.1.15):

XN_1 1 5
/ Sx)dx = hlfij2+ faj2+ fsp2+ o+ fn-sa+ fn-32] +0 (m)
x0

(4.1.19)
There are also formulas of higher order for this situation, but we will refrain from 4
giving them.

The semi-open formulas are just the obvious combinations of equations (4.1.11) 3
—(4.1.14) with (4.1.15) — (4.1.18), respectively. At the closed end of the integration,
use the weights from the former equations; at the open end, use the weights from
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© o N=1
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Figure 4.2.1. Sequential calls to the routine Trapzd incorporate the information from previous calls and ]
evaluate the integrand only at those new points necessary to refine the grid. The bottom line shows the
totality of function evaluations after the fourth call. The routine gsimp, by weighting the intermediate
results, transforms the trapezoid rule into Simpson’s rule with essentially no additional overhead.

the latter equations. One example should give the idea, the formula with error term 4
decreasing as 1/N 3 which is closed on the right and open on the left:

[ s =h[ St Gt ok it

0

N3
(4.1.20)1

13 5 1
o+ fn-zt+ EfN—z + EfN_l] +0 (—)
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4.2 Elementary Algorithms!

Our starting point is equation (4.1.11), the extended trapezoidal rule. There are 3
two facts about the trapezoidal rule that make it the starting point for a variety of
algorithms. One fact is rather obvious, while the second is rather “deep.”

The obvious fact is that, for a fixed function f(x)to be integrated between fixed 1
limits a and b, one can double the number of intervals in the extended trapezoidal
rule without losing the benefit of previous work. The coarsest implementation of the
trapezoidal rule is to average the function at its endpoints a and b. The first stage
of refinement is to add to this average the value of the function at the halfway point.
The second stage of refinement is to add the values at the 1/4 and 3/4 points. And so
on (see Figure 4.2.1).

As we will see, a number of elementary quadrature algorithms involve adding 2
successive stages of refinement. It is convenient to encapsulate this feature in a
Quadrature structure:
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g quadrature.h

6 Quadrature.h

‘Then the Trapzd structure is derived from this as follows: 5
_7
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quadrature.h

XN—1 1 1 2
[ soas =n[3hok Sk okt fucak gy pa
x0
Boh* 7 Boh®*  ok—1)  .k—1)
_T(fN—l_fO)_"'_ (2k)! (fN—1 —Jo ) —oed
“4.2.1)4
“4.2.2)2

4.2.3)3
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495057205241079648212477525 1
66

Bso =

N

S =%SnN—15n2 (42.4)2

3

6 Quadrature.h
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romberg.h

z 1
/ x*log(x + v/x2 4 1)dx
0
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4.4 Improper Integrals*
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quadrature.h
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w

b 1/a 1 1 1
/{; ooy = /1 - f(;) dt  ab>0 4.42)2

quadrature.h  template <class T>
struct Midinf : Midpnt<T>{

b (b—a)l— 2
f(x)dx = Ly / %7 (T +a)dt (b>a)  (443)3
- 0



4.4 Improper Integrals 1 1715

4

b (b—a)l=Y 1
/ f(x)dx = ﬁ f (%5 f(b—tT)dt  (b>a)  (444)3
a - 0

b Vb—a 2
/ f(x)dx = / 2tf(a+1t>)dt (b > a) 4.4.5)2
a 0
for a singularity at a, and 5
b Vb—a 3
[ f(x)dx = / 20f(b—t3dt (b > a) (4.4.6)4
a 0
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t=e¢* or x = —logt 3 “4.4.7)3
'so thats
X=00 t=e" ¢ dt 2
/ f(x)dx = / f(—logt)— 4.4.8)4
x=a t=0 t
‘The user-transparent implementation would be 6
quadrature.h 7
'CITED REFERENCES AND FURTHER READING: 2

Acton, F.S. 1970, Numerical Methods That Work; 1990, corrected edition (Washington, DC:
Mathematical Association of America), Chapter 4.

Dahlquist, G., and Bjorck, A. 1974, Numerical Methods (Englewood Cliffs, NJ: Prentice-Hall);
reprinted 2003 (New York: Dover), §7.4.3, p. 294.

Stoer, J., and Bulirsch, R. 2002, Introduction to Numerical Analysis, 3rd ed. (New York: Springer),
§3.7.

4.5 Quadrature by Variable Transformation:

_2

Consider evaluating the integral 4

b 1
I = / f(x)dx 4.5.1)2
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the endpoints, then those weights don’t matter at all. In such a case, an N-point4
quadrature with uniform weights converges converges exponentially with N. (For
a more rigorous motivation of this idea, see §4.5.1. For the connection to Gaussian
quadrature, see the discussion at the end of §20.7.4.)

What about a function that doesn’t vanish at the endpoints? Consider a change 8
of variables x = x(¢)such that x € [a,b] — ¢ € [¢,d]:

d
7= / f[x(z)]j—j dt (4.5.2)

Choose the transformation such that the factor dx /dt goes rapidly to zero at the end- 2
points of the interval. Then the simple trapezoidal rule applied to (4.5.2) will give ex-
tremely accurate results. (In this section, we’ll call quadrature with uniform weights
trapezoidal quadrature, with the understanding that it’s a matter of taste whether you
weight the endpoints with weight 1/2 o¥ 1, since they don’t count anyway.)

Even when f(x)has integrable singularities at the endpoints of the interval, 3
their effect can be overwhelmed by a suitable transformation x = x(#)2 One need
not tailor the transformation to the specific nature of the singularity: We will dis-
cuss several transformations that are effective at obliterating just about any kind of
endpoint singularity.

The first transformation of this kind was introduced by Schwartz[1] and has 7
become known as the TANH rule:

1 1
xzi(b—i—a)—{—i(b—a)tanht, x €[a,b] >t € [-00, 00|

d 1 2
d—); = E(b —a)sech®t = m(b —x)(x —a)

(4.5.3)

The sharp decrease of sech? # as t — =00 explains the efficiency of the algorithm 6
and its ability to deal with singularities. Another similar algorithm is the IMT rule [2].
However, x(¢) for the IMT rule is not given by a simple analytic expression, and its
performance is not too different from the TANH rule.

There are two kinds of errors to consider when using something like the TANH 1
rule. The discretization error is just the truncation error because you are using the
trapezoidal rule to approximate /. The trimming error is the result of truncating
the infinite sum in the trapezoidal rule at a finite value of N. (Recall that the limits
are now +00.) You might think that the sharper the decrease of dx/df las t —
400, the more efficient the algorithm. But if the decrease is too sharp, then the
density of quadrature points near the center of the original interval [a, b] is low and
the discretization error is large. The optimal strategy is to try to arrange that the
discretization and trimming errors are approximately equal.

For the TANH rule, Schwartz [1] showed that the discretization error is of order 9

G o o 2 (4.5.4)

where w is the distance from the real axis to the nearest singularity of the integrand. 5
There is a pole when sech?t — 00,lie., when t = +im/25]1f there are no poles
closer to the real axis in f(x);then w = 7/2./The trimming error, on the other hand,
is

€; ~ sech®ty ~ 2T (4.5.5)
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Setting €4 ~ €;;we find 8

h ~ Q]\;[W’ € o~ e_ﬂ(ZN)l/z 3 (456)

as the optimum /4 and the corresponding error. Note that ¢ decreases with N faster 1
than any power of N. If f is singular at the endpoints, this can modify equation
(4.5.5) for €; ., This usually results in the constant 7z in (4.5.6) being reduced. Rather
than developing an algorithm where we try to estimate the optimal /4 for each inte-
grand a priori, we recommend simple step doubling and testing for convergence. We
expect convergence to set in for 4 around the value given by equation (4.5.6).

The TANH rule essentially uses an exponential mapping to achieve the desired 5
rapid fall-off at infinity. On the theory that more is better, one can try repeating the
procedure. This leads to the DE (double exponential) rule:

1 1
3= E(b +a) + E(b — a) tanh(c sinh7), xela,bl—>te [—oo,oo]l
dx 1 5
ar = E(b — a) sech”(c sinht)c cosht ~ exp(—cexplt|]) as |f| — oo

4.5.7)

Here the constant c¢ is usually taken to be 1 or 77/2.7(Values larger than 7z/2 @re not4
useful since w = 7/2 for 0 < ¢ < /2, but w decreases rapidly for larger ¢.) By an
analysis similar to equations (4.5.4) — (4.5.6), one can show that the optimal 4 and
corresponding error for the DE rule are of order

p~ BTN/ ko

N , (4.5.8)

where k is a constant. The improved performance of the DE rule over the TANH 6
rule indicated by comparing equations (4.5.6) and (4.5.8) is borne out in practice.

4.5.1 Exponential Convergence of the Trapezoidal Rule1

The error in evaluating the integral (4.5.1) by the trapezoidal rule is given by the Euler-7
Maclaurin summation formula,

P M@ O1n S fa i3 B k0 a0 ) T
2 : = d Z @ >

Note that this is in general an asymptotic expansion, not a convergent series. If all the deriva- 2
tives of the function f vanish at the endpoints, then all the “correction terms” in equation
(4.5.9) are zero. The error in this case is very small — it goes to zero with £ faster than any
power of 1. We say that the method converges exponentially. The straight trapezoidal rule
is thus an excellent method for integrating functions such as exp(—x2) on (—o0, 00); whose
derivatives all vanish at the endpoints.

The class of transformations that will produce exponential convergence for a function3
whose derivatives do not all vanish at the endpoints is those for which dx/d¢ jand all its
derivatives go to zero at the endpoints of the interval. For functions with singularities at the
endpoints, we require that f(x) dx/dtand all its derivatives vanish at the endpoints. This is
a more precise statement of “dx /dt @oes rapidly to zero” given above.
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4.5.2 Implementation1

3
q= e 2sinh? 4 (4.5.10)1
dx q 2
— =2(b—a)———— cosht 4.5.11
7 (b—a) d+a? cos ( )2

4

N d )
I=h Y fe) o
O J N 4.5.12)3
d
=i} flla-+ 52 5|+ Yra+a)+ ro-ap 5 |
R :
‘where 6
S=b-x=@-ar " 4.5.13)4

l+g¢q
1

template<class T> 7 derule.h
struct DErule : Quadrature {
Structure for implementing the DE rule.

Doub a,b,hmax,s;

T &func;



1763 Chapter 4. Integration of Functions 1

DErule(T &funcc, const Doub aa, const Doub bb, const Doub hmaxx=3.7)
: func(funcc), a(aa), b(bb), hmax(hmaxx) {n=0;}

Range TANH Rule DE Rule Mixed Rule

I x=e2esimhi5 | x = ot=eT'6|  (4.5.14)2

(—00,00) | x =sinht | x = sinh(c sinh?) —




4.5 Quadrature by Variable Transformation 177

nential fall-off of the integrand makes it behave like a DE rule there too. The mixed 5
rule for (—o0, 00) is constructed by splitting the range into (—oo, 0) and (0, co) and
making the substitution x — —x dn the first range. This gives two integrals on
(0, 00).

To implement the DE rule for infinite ranges we don’t need the precautions we 3
used in coding the finite range DE rule. It’s fine to simply use the routine Trapzd
directly as a function of ¢, with the function func that it calls returning f(x) dx/dt5
So if funk is your function returning f(x), then you define the function func as a
function of t by code of the following form (for the mixed rule)

x=exp (t-exp(-t)); 8

dxdt=x*(1.0+exp(-t));

return funk(x)*dxdt;
and pass func to Trapzd. The only care required is in deciding the range of integra- 6
tion. You want the contribution to the integral from the endpoints of the integration
to be negligible. For example, (—4, 4) is typically adequate for x = exp(x sinht).

4.5.4 Examples1

As examples of the power of these methods, consider the following integrals: 7

1 x24
/ log xlog(l —x)dx =2 — - (4.5.15)
0
o0
1
/ L e 9 (4.5.16)
o x12(1+x)
(e.¢]
/ x 732 sin %e_x dx = [n(v/5 - 2)]1/28 (4.5.17)
0
oo % 6
[ X276 gx = 1r(2) (4.5.18)
0

The integral (4.5.15) is easily handled by DErule. The routine converges to machine 1
precision (107'6) with about 30 function evaluations, completely unfazed by the
singularities at the endpoints. The integral (4.5.16) is an example of an integrand
that is singular at the origin and falls off slowly at infinity. The routine Midinf fails
miserably because of the slow fall-off. Yet the transformation x = exp(sw sinh7)10
again gives machine precision in about 30 function evaluations, integrating ¢ over
the range (—4,4). By comparison, the transformation x = e’ “for ¢ in the range
(=90, 90) requires about 500 function evaluations for the same accuracy.

The integral (4.5.17) combines a singularity at the origin with exponential fall- 2
off at infinity. Here the “mixed” transformation x = exp(f — e~ ’)is best, requiring
about 60 function evaluations for ¢ in the range (—4.5, 4). Note that the exponential
fall-off is crucial here; these transformations fail completely for slowly decaying
oscillatory functions like x /2 sin x. Fortunately the series acceleration algorithms
of §5.3 work well in such cases.

The final integral (4.5.18) is similar to (4.5.17), and using the same transfor-4
mation requires about the same number of function evaluations to achieve machine
precision. The range of ¢ can be smaller, say (—4, 3), because of the more rapid
fall-off of the integrand. Note that for all these integrals the number of function
evaluations would be double the number we quote if we are using step doubling to
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o xk(1+1ox)t/2 3
“Another example is given in the routine Stiel in §4.6.5
4.5.5 Relation to the Sampling Theorem1
‘The sinc expansion of a function is 7
& 2
f(x) ~ k;w F(kh) sinc [%(x - kh)] (4.5.20)2

6

f " f@dx = h > flkhy (45.21)3

k=—o00

CITED REFERENCES AND FURTHER READING: 2
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N-1

b 1
/ W(x) f()dx ~ Y w; f(x)) (4.6.1)2

J=0

11

1 _ 2 2
/ e @62)1
-1
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e,
W) = 2 4.63)2
= Uie o

=

- 1
v;g(x;) (4.6.4)3
0

/‘;b g(x)dx ~

-1

template <class T>
Doub qgaus(T &func, const Doub a, const Doub b)

{
-7

j=

8
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The above routine illustrates that one can use Gaussian quadratures without 1
necessarily understanding the theory behind them: One just locates tabulated weights
and abscissas in a book (e.g., [1] or [2]). However, the theory is very pretty, and it will
come in handy if you ever need to construct your own tabulation of weights and
abscissas for an unusual choice of W (x).”%e will therefore give, without any proofs,
some useful results that will enable you to do this. Several of the results assume that
W(x) does not change sign inside (a, b), which is usually the case in practice.

The theory behind Gaussian quadratures goes back to Gauss in 1814, who used 3
continued fractions to develop the subject. In 1826, Jacobi rederived Gauss’s results
by means of orthogonal polynomials. The systematic treatment of arbitrary weight
functions W (x)asing orthogonal polynomials is largely due to Christoffel in 1877.
To introduce these orthogonal polynomials, let us fix the interval of interest to be
(a,b). We can define the “scalar product of two functions f and g over a weight
function W as

b
(flg) = / W) f (g )dx 4.6.5)

The scalar product is a number, not a function of x. Two functions are said to be5
orthogonal if their scalar product is zero. A function is said to be normalized if its
scalar product with itself is unity. A set of functions that are all mutually orthogonal
and also all individually normalized is called an orthonormal set.

We can find a set of polynomials (i) that includes exactly one polynomial of 4
order j, called p;(x)sfor each j = 0.1.2,...  and (ii) all of which are mutually
orthogonal over the specified weight function W (x). A constructive procedure for
finding such a set is the recurrence relation

P-1(x) =0
po(x) =1 (4.6.6)
pi+1(0) = (x—a)p;(x) —bypja(x)  j=0,12....
where 8
) i=ol,...
(p/lp;) @6
b= 2Py,
(Pj—1|Pj—1)

The coefficient by is)arbitrary; we can take it to be zero. 7

The polynomials defined by (4.6.6) are monic, that is, the coefficient of their 2
leading term [x/ for p;j(x)]7s unity. If we divide each p;(x) by the constant
[( pjlpj )] 1/2 /e can render the set of polynomials orthonormal. One also encounters
orthogonal polynomials with various other normalizations. You can convert from a
given normalization to monic polynomials if you know that the coefficient of x/ in
p; is A;1say; then the monic polynomials are obtained by dividing each p; by A;.
Note that the coefficients in the recurrence relation (4.6.6) depend on the adopted
normalization.

The polynomial p;(x)ccan be shown to have exactly j distinct roots in the 6
interval (a,b). Moreover, it can be shown that the roots of p;(x) “interleave” the
J — lroots of p;—;(x)si.e., there is exactly one root of the former in between each
two adjacent roots of the latter. This fact comes in handy if you need to find all the
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roots. You can start with the one root of p;(x)and then, in turn, bracket the roots of 5
each higher j, pinning them down at each stage more precisely by Newton’s rule or
some other root-finding scheme (see Chapter 9).

Why would you ever want to find all the roots of an orthogonal polynomial 4
p;j (x)?7/Because the abscissas of the N -point Gaussian quadrature formulas (4.6.1)
and (4.6.4) with weighting function W (x) ir’ the interval (@, b) ate precisely the roots
of the orthogonal polynomial py (x) fer the same interval and weighting function.
This is the fundamental theorem of Gaussian quadratures, and it lets you find the
abscissas for any particular case.

Once you know the abscissas X, ..., Xy—1,you need to find the weights w; 6
Jj =0,..., N — 120ne way to do this (not the most efficient) is to solve the set of
linear equations

po(xo) ... polxn-1) Wo fab W(x)po(x)dx |t
P1(xo) ‘e p1(xn—1) wq 0
. . .= , (4.6.8)
PN—.I (x0) ... PN-1 (XN—I) w]\}—l 0

Equation (4.6.8) simply solves for those weights such that the quadrature (4.6.1)1
gives the correct answer for the integral of the first N orthogonal polynomials. Note
that the zeros on the right-hand side of (4.6.8) appear because p;(x),..., py—1(x)6
are all orthogonal to po(x)3which is a constant. It can be shown that, with those
weights, the integral of the next N — 1 polynomials is also exact, so that the quadra-
ture is exact for all polynomials of degree 2N — 1 of less. Another way to evaluate
the weights (though one whose proof is beyond our scope) is by the formula

(pN-1lpN-1) 2

= 4.6.9
PN—1(x;)ply (X)) (69

J

where p’ (x;)4s the derivative of the orthogonal polynomial at its zero x;.7
The computation of Gaussian quadrature rules thus involves two distinct phases: 2

(i) the generation of the orthogonal polynomials py, ..., py, i.e., the computation of
the coefficients a; 2@, 7ih (4.6.6), and (ii) the determination of the zeros of pu (x),jand
the computation of the associated weights. For the case of the “classical” orthogonal
polynomials, the coefficients a; -and b;jare explicitly known (equations 4.6.10 —
4.6.14 below) and phase (i) can be omitted. However, if you are confronted with a
“nonclassical” weight function W (x), and you don’t know the coefficients a; -and
bj ithe construction of the associated set of orthogonal polynomials is not trivial. We
discuss it at the end of this section.

4.6.1 Computation of the Abscissas and Weights 1

This task can range from easy to difficult, depending on how much you already 3
know about your weight function and its associated polynomials. In the case of
classical, well-studied, orthogonal polynomials, practically everything is known, in-
cluding good approximations for their zeros. These can be used as starting guesses,
enabling Newton’s method (to be discussed in §9.4) to converge very rapidly. New-
ton’s method requires the derivative p, (x)/which is evaluated by standard relations
in terms of py and py_14The weights are then conveniently evaluated by equation
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(4.6.9). For the following named cases, this direct root finding is faster, by a factor 4
of 3 to 5, than any other method.

Here are the weight functions, intervals, and recurrence relations that generate 2
the most commonly used orthogonal polynomials and their corresponding Gaussian
quadrature formulas.

Gauss-Legendre: 7

W(x) =1 —l<x<l1 7
. . . (4.6.10)4
(J +DPjt1=2j + DxPj — jPj
Gauss-Chebyshev: 6
Wx)=(1-x»"Y2 _—1<x<15
() = (1 =7 * 4.6.11)5
Tj41 =2xT; = Tj—
Gauss-Laguerre: 10
W(x) = x%e™* 0<x<oo 8
: o . o . o (4.6.12)8
(+DLY = (x+2j+a+ DL} —(j +a)Lf,
Gauss-Hermite: 8 5
= * — 6
W(x) =e oo.<x<oo 4.6.13)7
Hj+1 = 2xHj - 2]H]'_1
Gauss-Jacobi: 9
W(x) = (1—-x)%1+ x)? —1<x<12 P
.0. 6
Cj Pj(i’f;) = (dj + ejx)Pj(“’ﬂ) — ijj(f’l‘B)
where the coefficients ¢;, d;, e;, and f; are given by 5
¢ =2+ +a+B+1D2j+a+p) 1
dj = (2j 1) (o — B>
;= @Qj +a+B+ D —p) —

e =Qj+ta+pQj+ta+p+1DQ2j+a+p+2)
fi =20+ + P +a+p+2)

We now give individual routines that calculate the abscissas and weights for1
these cases. First comes the most common set of abscissas and weights, those of
Gauss-Legendre. The routine, due to G.B. Rybicki, uses equation (4.6.9) in the
special form for the Gauss-Legendre case,

2 3

P= 4.6.16)2
YIS TP P (o010

The routine also scales the range of integration from (x;, x5) 10 (—1, 1), and provides 3
abscissas x; and weights w; for the Gaussian formula

N—-1 4

| redx = 3w ) 46171

J=0
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gauss_wgts.h

N-1

/Ow “e¥ flx)dx =) w,f(x,) (4.6.18)2

Y=

I
o

gauss_wgts.h
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. - 1 . 2 - i ~ 2
H =0 Hy=——, Hj;1= ——H; —\/——H;_ 4.6.19
1 0= 73 jr =Xy ey i ]+1]1( )5
2
[HN(xj)]
2
H = \2jH_4 (4.621)3
3
00 ) N—-1 1
/ e f()dx =Y w; f(x)) (4.6.22)4
oo =
void gauher (VecDoub_0 &x, VecDoub_0 &w gauss_wgts.h
_5

{
7
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N-1

1 1
/_ =01+ fx)dx = Y w; f(x)) (4.6.23)2

1 iz

gauss_wgts.h
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(n(j - %)) 2
Xj =cos | ——=—
N (4.6.24)

wj =

=| =

4.6.2 Case of Known Recurrences1

Turn now to the case where you do not know good initial guesses for the zeros of your or- 1
thogonal polynomials, but you do have available the coefficients a; and b; that generate them.
As we have seen, the zeros of p (x)age the abscissas for the NV-point Gaussian quadrature
formula. The most useful computational formula for the weights is equation (4.6.9) above,
since the derivative p}v ‘dan be efficiently computed by the derivative of (4.6.6) in the general
case, or by special relations for the classical polynomials. Note that (4.6.9) is valid as written
only for monic polynomials; for other normalizations, there is an extra factor of Ay /Ay _1,/
where Ay isjthe coefficient of x¥ ir py 23

Except in those special cases already discussed, the best way to find the abscissas is not 4
to use a root-finding method like Newton’s method on pp (x). Rather, it is generally faster
to use the Golub-Welsch [3] algorithm, which is based on a result of Wilf [4]. This algorithm
notes that if you bring the term xp; 1 the left-hand side of (4.6.6) and the term p;+ to the
right-hand side, the recurrence relation can be written in matrix form as

Po ap 1 Do 014
D1 by ay 1 P1 0
X : = Lo : : +| (4.6.25)
PN—2 bN—2 an—2 1 PN-2 0
PN—1 by-1 an—1 PN—1 PN
or7
xp=T-p+ pveN—_16 (4.6.26)

Here T is a tridiagonal matrix; p is a column vector of po, p1,..., py—1;a0d ey is)ag
unit vector with a 1 in the (N — 1)st/(last) position and zeros elsewhere. The matrix T can be
symmetrized by a diagonal similarity transformation D to give

ap b1 1
vbi  ai Vb

J=DTD ! = : : (4.6.27)

by—2 an—2 by—1
by-1 an—1

The matrix J is called the Jacobi matrix (not to be confused with other matrices named after 3
Jacobi that arise in completely different problems!). Now we see from (4.6.26) that py (x;) =g
01s equivalent to x; bging an eigenvalue of T. Since eigenvalues are preserved by a similarity
transformation, x;-is an eigenvalue of the symmetric tridiagonal matrix J. Moreover, Wilf [4]
shows that if v; -is| the eigenvector corresponding to the eigenvalue x;, normalized so that
v v = lgthen

wj = povig 5 (4.6.28)

where z
3
o :/ Wi(x)dx (4.6.29)
a

and where v; ¢ s, the zeroth component of v. As we shall see in Chapter 11, finding all 2
eigenvalues and eigenvectors of a symmetric tridiagonal matrix is a relatively efficient and
well-conditioned procedure. We accordingly give a routine, gaucof, for finding the abscissas
and weights, given the coefficients a; and b;; Remember that if you know the recurrence
relation for orthogonal polynomials that are not normalized to be monic, you can easily convert
it to monic form by means of the quantities A ;.1 2
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void gaucof (VecDoub_IO &a, VecDoub_IO &b, const Doub amu0O, VecDoub_0 &x,Q gauss_wgts2.h 11
VecDoub_0 &w)
Computes the abscissas and weights for a Gaussian quadrature formula from the Jacobi matrix. 4
On input, a[0..n-1] and b[0. .n-1] are the coefficients of the recurrence relation for the set of
monic orthogonal polynomials. The quantity uo = f; W (x) dx is input as amu0. The abscissas
x[0..n-1] are returned in descending order, with the corresponding weights in w[0..n-1]. The
arrays a and b are modified. Execution can be speeded up by modifying tqli and eigsrt to
compute only the zeroth component of each eigenvector.
{
Int n=a.size(); 10
for (Int i=0;i<n;i++)
if (i !'= 0) bl[il=sqrt(b[il); Set up superdiagonal of Jacobi matrix.
Symmeig sym(a,b);
for (Int i=0;i<n;i++) {
x[i]=sym.d[i];
wlil=amuO*sym.z[0] [i]*sym.z[0] [i]; Equation (4.6.28).

4.6.3 Orthogonal Polynomials with Nonclassical Weights 1

What do you do if your weight function is not one of the classical ones dealt with above
and you do not know the a;’yand b;’s of the recurrence relation (4.6.6) to use in gaucof?
Obviously, you need a method of finding the a;’s and b;’s.1 /|

The best general method is the Stieltjes procedure: First compute ag from (4.6.7), and 7
then pj(x) from (4.6.6). Knowing po-and p1,compute a1 and by drom (4.6.7), and so on.
But how are we to compute the inner products in (4.6.7)?

The textbook approach is to represent each p; (x) explicitly as a polynomial in x and to 5
compute the inner products by multiplying out term by term. This will be feasible if we know
the first 2N moments of the weight function,

b
ujzf x/ W(x)dx j:O,l,...,ZN—ll (4.6.30)
a

However, the solution of the resulting set of algebraic equations for the coefficients a; and b; 33
in terms of the moments /i, ds in general extremely ill-conditioned. Even in double precision,

it is not unusual to lose all accuracy by the time N = 12./We thus reject any procedure based
on the moments (4.6.30).

Gautschi [5] showed that the Stieltjes procedure is feasible if the inner products in (4.6.7) 2
are computed directly by numerical quadrature. This is only practicable if you can find a
quadrature scheme that can compute the integrals to high accuracy despite the singularities in
the weight function W(x)> Gautschi advocates the Fejér quadrature scheme [5] as a general-
purpose scheme for handling singularities when no better method is available. We have per-
sonally had much better experience with the transformation methods of §4.5, particularly the
DE rule and its variants.

We use a structure Stiel that implements the Stieltjes procedure. Its member function 1
get_weights generates the coefficients a; and b; of the recurrence relation, and then calls
gaucof to find the abscissas and weights. You can easily modify it to return the a;’s and b;’s 11
if you want them as well. Internally, the routine calls the function quad to do the integrals in
(4.6.7). For a finite range of integration, the routine uses the straight DE rule. This is effected
by invoking the constructor with five parameters: the number of quadrature abscissas (and
weights) desired, the lower and upper limits of integration, the parameter /i« #0 be passed
to the DE rule (see §4.5), and the weight function I¥(x)2For an infinite range of integration,
the routine invokes the trapezoidal rule with one of the coordinate transformations discussed
in §4.5. For this case you invoke the constructor that has no /x5 but takes the mapping
function x = x(¢) and its derivative dx /dt iaddition to W(x)2Now the range of integration
you input is the finite range of the trapezoidal rule.

This will all be clearer with some examples. Consider first the weight function 8

W(x) = —logx 2 (4.6.31)
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in terms of the modified moments 6
b 1
vj =/ 7; (x)W(x)dx j=0,1,....,2N — 1 (4.6.33)
a

The modified Chebyshev algorithm (due to Sack and Donovan [10] and later improved by 1
Wheeler [11]) is an efficient algorithm that generates the desired ;’s and b;’s from the modi-
fied moments. Roughly speaking, the improved stability occurs because the polynomial basis
“samples” the interval (a, b) better than the power basis when the inner product integrals are
evaluated, especially if its weight function resembles W(x). The algorithm requires that the
modified moments (4.6.33) be accurately computed. Sometimes there is a closed form, for
example, for the important case of the log x weight function [12,8]. Otherwise you have to
use a suitable discretization procedure to compute the modified moments [7,8], just as we did
for the inner products in the Stieltjes procedure. There is some art in choosing the auxil-
iary polynomials 7;;,and in practice it is not always possible to find a set that removes the
ill-conditioning.

Gautschi [8] has given an extensive suite of routines that handle all three of the algo-4
rithms we have described, together with many other aspects of orthogonal polynomials and
Gaussian quadrature. However, for most straightforward applications, you should find Stiel
together with a suitable DE rule quadrature more than adequate.

4.6.4 Extensions of Gaussian Quadrature1

There are many different ways in which the ideas of Gaussian quadrature have 2
been extended. One important extension is the case of preassigned nodes: Some
points are required to be included in the set of abscissas, and the problem is to choose
the weights and the remaining abscissas to maximize the degree of exactness of the
the quadrature rule. The most common cases are Gauss-Radau quadrature, where
one of the nodes is an endpoint of the interval, either a or b, and Gauss-Lobatto
quadrature, where both @ and b are nodes. Golub [13,8] has given an algorithm similar
to gaucof for these cases.

An N -point Gauss-Radau rule has the form of equation (4.6.1), where x 8'5 chosen to 3
be either @ or b (x1 must be finite). You can construct the rule from the coefficients for
the corresponding ordinary N -point Gaussian quadrature. Simply set up the Jacobi matrix
equation (4.6.27), but modify the entry ay—1

PN—2(x1) 2

4.6.34
PN-1(x1) ( )

a?v_l =x1 —by_1

Here is the routine: 7

void radau(VecDoub_I0 &a, VecDoub_IO &b, const Doub amuO, const Doub x1,8
VecDoub_0 &x, VecDoub_0 &w)

Computes the abscissas and weights for a Gauss-Radau quadrature formula. On input, a[0..n-1]15

and b[0..n-1] are the coefficients of the recurrence relation for the set of monic orthogo-

nal polynomials corresponding to the weight function. (b[0] is not referenced.) The quantity

Ho = f: W(x) dx i5 input as amu0. x1 is input as either endpoint of the interval. The abscissas
x[0..n-1] are returned in descending order, with the corresponding weights in w[0..n-1]. The
arrays a and b are modified.
{
Int n=a.size(); 10
if (m==1) {
x[0]=x1;
w[0]=amu0;
} else { Compute py—1 and py—> by recurrence.g
Doub p=x1-al[0];

gauss_wgts2.h 11
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PN 1(x1)  pN- z(xl) _1 xle (X1)
pN 1(N) PN~ 2(xN) ﬁ 1 prN l(xN) (46352

6
3
{
-4
_1

gauss_wgts2.h
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if (i1-i2 == 0.0)3
which might never be satisfied in floating point arithmetic. Accordingly, we imple-7
ment the test with an explicit €.

The other problem you need to take care of is when an interval gets subdivided 2
so small that it contains no interior machine-representable point. You then need to
terminate the recursion and alert the user that the full accuracy might not have been
attained. In the case where the points in an interval are supposed to be {a,m =5
(a +b)/2,b}4you can test form < aorb < mg

The lowest order integration method in the Gander-Gautschi method is the four-10
point Gauss-Lobatto quadrature (cf. §4.6)

/_ 11 f@dx =110+ o]+ 37 (-%) + 7(&H)]° @19

This formula, which is exact for polynomials of degree 5, is used to compute /5.1To4
reuse these function evaluations in computing /; sthey find the seven-point Kronrod
extension,

1
[ seras = [ ren+ s+ (-3 + £(VE)]
B[~ )+ 7 ()] + 270
whose degree of exactness is nine. The formulas (4.7.5) and (4.7.6) get scaled from 6
[—1, 1] to an arbitrary subinterval [a, b].

For I;5Gander and Gautschi find a 13-point Kronrod extension of equation 1
(4.7.6), which lets them reuse the previous function evaluations. The formula is
coded into the routine below. You can think of this initial 13-point evaluation as
a kind of Monte Carlo sampling to get an idea of the order of magnitude of the
integral. But if the integrand is smooth, this initial evaluation will itself be quite
accurate already. The routine below takes advantage of this.

Note that to reuse the four function evaluations in (4.7.5) in the seven-point5
formula (4.7.6), you can’t simply bisect intervals. But dividing into six subintervals
works (there are six intervals between seven points).

To use the routine, you need to initialize an Adapt object with your required 9
tolerance,

(4.7.6)

Adapt s(1.0e-6);7

and then call the integrate function: 12
ans=s.integrate(func,a,b); 14

You should check that the desired tolerance could be met: 11

if (s.out_of_tolerance) 15
cout << "Required tolerance may not be met" << endl;

The smallest allowed tolerance is 10 times the machine precision. If you enter a3
smaller tolerance, it gets reset internally. (The routine will work using the machine
precision itself, but then it usually just takes lots of function evaluations for little
additional benefit.)

The implementation of the Adapt object is given in a Webnote [2]. 13

Adaptive quadrature is no panacea. The above routine has no special machinery 8
to deal with singularities other than to refine the neighboring intervals. By using
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/ dt,,/ dt,—q - / dt2/ f(t)dt = / (x—t)"_lf(t)dt
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If your answers are that the boundary is complicated, the integrand is not strongly1l
peaked in very small regions, and relatively low accuracy is tolerable, then your prob-
lem is a good candidate for Monte Carlo integration. This method is very straight-
forward to program, in its cruder forms. One needs only to know a region with
simple boundaries that includes the complicated region of integration, plus a method
of determining whether a random point is inside or outside the region of integration.
Monte Carlo integration evaluates the function at a random sample of points and es-
timates its integral based on that random sample. We will discuss it in more detail,
and with more sophistication, in Chapter 7.

If the boundary is simple, and the function is very smooth, then the remaining 3
approaches, breaking up the problem into repeated one-dimensional integrals, or
multidimensional Gaussian quadratures, will be effective and relatively fast [1]. If
you require high accuracy, these approaches are in any case the only ones available
to you, since Monte Carlo methods are by nature asymptotically slow to converge.

For low accuracy, use repeated one-dimensional integration or multidimen-5
sional Gaussian quadratures when the integrand is slowly varying and smooth in the
region of integration, Monte Carlo when the integrand is oscillatory or discontinuous
but not strongly peaked in small regions.

If the integrand is strongly peaked in small regions, and you know where those 2
regions are, break the integral up into several regions so that the integrand is smooth
in each, and do each separately. If you don’t know where the strongly peaked regions
are, you might as well (at the level of sophistication of this book) quit: It is hopeless
to expect an integration routine to search out unknown pockets of large contribution
in a huge N -dimensional space. (But see §7.9.)

If, on the basis of the above guidelines, you decide to pursue the repeated one- 6
dimensional integration approach, here is how it works. For definiteness, we will
consider the case of a three-dimensional integral in x, y, z-space. Two dimensions,
or more than three dimensions, are entirely analogous.

The first step is to specify the region of integration by (i) its lower and upper4
limits in x, which we will denote x; jand x5;(ii) its lower and upper limits in y at
a specified value of x, denoted y; (x)and y,(x);-and (iii) its lower and upper limits
in z at specified x and y, denoted z;(x, y)and z(x, y)7 In other words, find the
numbers x7 and x5, and the functions y;(x), y2(x), z1 (x, y)9oand z5(x, y)such that

1 E// dxdydz f(x,y,z)

X2 y2(x) z2(x,y)
:/ dx/ dy/ dz f(x,y,2)
X1 y1(x) z1(x,y)

For example, a two-dimensional integral over a circle of radius one centered on the 7
origin becomes

(4.8.2)

1 V1—x2
d d , 4.8.3
/_1 x/_m y f(x,y) (4.8.3)

Now we can define a function G (x, y) that does the innermost integral, 8

22(x,y)
G(x,y) = / f(x,y,z)dz (4.8.4)

1(x,y)
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o
outer integration

_____ 1

X

Figure 4.8.1. Function evaluations for a two-dimensional integral over an irregular region, shown |
schematically. The outer integration routine, in y, requests values of the inner, x, integral at locations
along the y-axis of its own choosing. The inner integration routine then evaluates the function at x loca-
tions suitable to iz. This is more accurate in general than, e.g., evaluating the function on a Cartesian mesh
of points.

y2(x) 1
H(x) = / G(x,y)dy (4.8.5)1
¥

X2 2
7= / H(x) dx 4.8.6)2

quad3d.h
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