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‘We assume that you know enough never to evaluate a polynomial this way: 4

p=c[0]+c [1]*x+c [2] *x*x+c [3] kx*kx*x+c [4] *kx*x*x*kX; 3

“or (even worse!), 9
‘p=c[0]+c[1]*x+c[2]*pow(x,2.0)+c [3] ¥pow(x,3.0)+c [4] ¥pow(x,4.0) 5 14

p=c[0]+x*(c[1]+x*(c[2]+x*(c[3]+x*c[4]))); 2
‘or 12
p=(((c[4]*x+c[3])*x+c[2])*x+c[1])*x+c[0]; 1

If the number of coefficients ¢ [0. .n-1] is large, one writes5

p=c[n-1]1; 4

for(j=n-2;j>=0;j--) p=p*x+c[j]l;
oryg

p=cl[j=n-1]; 5

while (j>0) p=p*x+tc[--jl;

vy o o and o b v oty cvlsion onon

poly.h

‘which allows you to write things like 8
'y = Poly(c)(®); 15
‘where c is a coefficient vector. g
A oyt pemoml P s deates
p=c[n-11;
dp=0.;
for(j=n-2;j>=0;j--) {dp=dp*x+p; p=p*x+c[jl;}
or 3
p=c[j=n-1];

dp=0.;
while (j>0) {dp=dp*x+p; p=p*x+c[--jl;}

‘which yields the polynomial as p and its derivative as dp using coefficients c [0. .n-1].10
7
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void ddpoly(VecDoub_I &c, const Doub x, VecDoub_0 &pd

poly.h

P(x) = ag + a1x + a>x? + asx> +asx*? b.1.1)2
4

P(x) = [(Ax + B> + Ax + C][(Ax + B> + D]+ E3  (5.1.2)4

al

A= (an)* 1
_ 43
B — as A
443
D —3B> 4 g3 4 WA 20B (5.1.3)3

A2
C———ZB 6B%>—D
A2

E=ay—B*~B*(C+D)-CD

c[n]=c[n-1];
for (j=n-1;j>=1;j--) cljl=clj-1]-c[jl*a;
cf0] *= (-a);
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poly.h

5.1.1 Rational Functions1
“You evaluate a rational function like 5

R(x) = Pu(x)  po+pix+-+ puxtl
Ov(x)  qotqix+--+qux’

(5.14)2

(Pos P15+ s Purq1s -1 qv) 2 (5.1.5)3

1
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6

'5.1.2 Parallel Evaluation of a Polynomial 1

_2

cop, €1, C2, €3, cC4, c¢5, 0, ... 4 (5.1.6)3
‘Now add the elements by pairs, multiplying the second of each pair by x:
co+cix, cy+c3x, cg+csx, 0, ...3 5.1.7)4
‘Now the same operation, but with the multiplier x?:4
(co +c1x) + (c2 + c3x)x%,  (cq +c5x) + (0)x2, 0 ...2 (5.1.8)2
“And a final time with multiplier x*: 5
[(co + c1x) + (ca + c3x)x%] + [(c4 + csx) + (0)x*]x*, 0 ...1 (5.1.9)5

1

ot s o Ao, o 165 o0 T (e, BE:T

poly.h
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5.2 Evaluation of Continued Fractions!

a
f(x) =bo + — ! (5.2.1)3
bl + —2‘13
by+ az
b3+ as
Pat o
Printers prefer to write this as 12
a a a a a
fx)=bo+ 1 P2 B 4 45 2 (5.2.2)2

bi+ by+ b3+ bs+ bs+

tanx = — — — — - (5.23)1

1
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The right way is to use a result that relates continued fractions to rational ap- 3
proximations, and that gives a means of evaluating (5.2.1) or (5.2.2) from left to
right. Let f, denote the result of evaluating (5.2.2) with coefficients through a,, and
b, 2Then

Ap 3
= — 524
h=% (5:24)
where A, and B, are given by the following recurrence: 7
A—l =1 B—l =0 2

A()Eb() B()E 1
Aj e bjAj_l +ajAj_2 Bj e bij_l +aij_2 j=12,....n
(5.2.5)

This method was invented by J. Wallis in 1655 (!) and is discussed in his Arithmetica 6
Infinitorum [4]. You can easily prove it by induction.

In practice, this algorithm has some unattractive features: The recurrence (5.2.5) 1
frequently generates very large or very small values for the partial numerators and
denominators A; ‘and B; > There is thus the danger of overflow or underflow of the
floating-point representation. However, the recurrence (5.2.5) is linear in the A’s and
B’s2?At any point you can rescale the currently saved two levels of the recurrence,
e.g., divide A;2B;, Aj_1, and B;_;all by B;1This incidentally makes A; = f;©
and is convenient for testing whether you have gone far enough: See if f; and f;—;13
from the last iteration are as close as you would like them to be. If B; happens to
be zero, which can happen, just skip the renormalization for this cycle. A fancier
level of optimization is to renormalize only when an overflow is imminent, saving
the unnecessary divides. In fact, the C library function 1dexp can be used to avoid
division entirely. (See the end of §6.5 for an example.)

Two newer algorithms have been proposed for evaluating continued fractions.5
Steed’s method does not use A; and B; explicitly, but only the ratio D; = B;_1/B;6
One calculates D; and A f; = f; — f;—1 recursively using

D; = 1/(bj +aij_1) 1 (5.2.6)
Afi =(b;D; —1)Afi— (5.2.7)

Steed’s method (see, e.g., [5]) avoids the need for rescaling of intermediate results. 2
However, for certain continued fractions you can occasionally run into a situation
where the denominator in (5.2.6) approaches zero, so that D; and A fj are very large.
The next A fj 4 will typically cancel this large change, but with loss of accuracy in
the numerical running sum of the f;’s. (It is awkward to program around this, so
Steed’s method can be recommended only for cases where you know in advance
that no denominator can vanish. We will use it for a special purpose in the routine
besselik (§6.6).

The best general method for evaluating continued fractions seems to be the4
modified Lentz’s method [6]. The need for rescaling intermediate results is avoided
by using both the ratios

C,=A;/A;_;, Dj=Bj_1/B;j4 (5.2.8)

and calculating f; by 8
fi = fi-1C;D;5 (5.2.9)
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From equation (5.2.5), one easily shows that the ratios satisfy the recurrence relations 8
D;j =1/(bj +a;jDj_1), Ci=bj+a;j/Ci13 (5.2.10)

In this algorithm there is the danger that the denominator in the expression for D; £l
or the quantity C; fitself, might approach zero. Either of these conditions invalidates
(5.2.10). However, Thompson and Barnett [5] show how to modify Lentz’s algorithm
to fix this: Just shift the offending term by a small amount, e.g., 1072° L If you work
through a cycle of the algorithm with this prescription, you will see that fj¢is
accurately calculated.

In detail, the modified Lentz’s algorithm is this: 9

e Set fo = bg;if by = 0, set fo = tiny.5

° SetC0=f0.
e Set Dy = 0.
e Forj =1,2,...

Set D; =bj +a;D;_.

If D; =0, set D; = tiny.
SetC; =b; +a;/Cj_;.

If C; =0,set C; = tiny.

Set D; = l/Dj.

Set Aj = Cij.

Setfj =fj_1Aj.

If |[A; — 1| < eps, then exit.

Here eps is your floating-point precision, say 10~7 or 10~'% 1 The parameter tiny 7
should be less than typical values of eps |b;|.say 1073011

The above algorithm assumes that you can terminate the evaluation of the con-4
tinued fraction when | f; — f;_1|4s sufficiently small. This is usually the case, but
by no means guaranteed. Jones [7] gives a list of theorems that can be used to justify
this termination criterion for various kinds of continued fractions.

There is at present no rigorous analysis of error propagation in Lentz’s algo-6
rithm. However, empirical tests suggest that it is at least as good as other methods.

5.2.1 Manipulating Continued Fractions 1

Several important properties of continued fractions can be used to rewrite them5
in forms that can speed up numerical computation. An equivalence transformation

ay —> Aay, by — Ab,, apy1 — Aay+1? (5.2.11)

leaves the value of a continued fraction unchanged. By a suitable choice of the scale 3
factor A you can often simplify the form of the @’s and the b’s.1/Of course, you
can carry out successive equivalence transformations, possibly with different A’s, cin
successive terms of the continued fraction.

The even and odd parts of a continued fraction are continued fractions whose 2
successive convergents are f5,@nd f5,41./respectively. Their main use is that they
converge twice as fast as the original continued fraction, and so if their terms are not
much more complicated than the terms in the original, there can be a big savings in
computation. The formula for the even part of (5.2.2) is

feven - dO +

a2 1
di+ dy +

(5.2.12)
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‘where in terms of intermediate variables 14
o] = Z—l .
) (52.13)1
oy = = n=2
" bpba_y -
‘we have 15
do=bo, cr=0a;, di=1+a (5.2.14)2

Cn = —Qop_102n—2, dn =14 a2p_1 + 02y, n>2

_2

‘We will make frequent use of continued fractions in the next chapter.15

CITED REFERENCES AND FURTHER READING: 2

5.3 Series and Their Convergence!

°° 1
f) =" ar(x —xo)F (5.3.1)3

k=0

e
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it with a multiply. Similarly, the form of the coefficients @y is often such as to make 7
use of previous work: Terms like k! or (2k)! can be updated in a multiply or two.

How do you know when you have summed enough terms? In practice, the terms 3
had better be getting small fast, otherwise the series is not a good technique to use
in the first place. While not mathematically rigorous in all cases, standard practice is
to quit when the term you have just added is smaller in magnitude than some small
€ times the magnitude of the sum thus far accumulated. (But watch out if isolated
instances of a; = 0 are possible!)

Sometimes you will want to compute a function from a series representation 1
even when the computation is not efficient. For example, you may be using the values
obtained to fit the function to an approximating form that you will use subsequently
(cf. §5.8). If you are summing very large numbers of slowly convergent terms, pay
attention to roundoff errors! In floating-point representation it is more accurate to
sum a list of numbers in the order starting with the smallest one, rather than starting
with the largest one. It is even better to group terms pairwise, then in pairs of pairs,
etc., so that all additions involve operands of comparable magnitude.

A weakness of a power series representation is that it is guaranteed not to con- 2
verge farther than that distance from x( at which a singularity is encountered in the
complex plane. This catastrophe is not usually unexpected: When you find a power
series in a book (or when you work one out yourself), you will generally also know
the radius of convergence. An insidious problem occurs with series that converge ev-
erywhere (in the mathematical sense), but almost nowhere fast enough to be useful
in a numerical method. Two familiar examples are the sine function and the Bessel
function of the first kind,

sinx = i %X%H (5.3.2)
= Qk+1)!
S Ch

Both of these series converge for all x. But both don’t even start to converge until 5
k > |x|;-before this, their terms are increasing. Even worse, the terms alternate in
sign, leading to large cancellation errors with finite precision arithmetic. This makes
these series useless for large x.

5.3.1 Divergent Series1

Divergent series are often very useful. One class consists of power series out- 4
side their radius of convergence, which can often be summed by the acceleration
techniques we will describe below. Another class is asymptotic series, such as the
Euler series that comes from Euler’s integral (related to the exponential integral £;):

00 Lt °o o "

E(x) = dt ~ —1)"k! 534

(x)/olﬂt S (—1)kk!x (534
k=0

Here the series is derived by expanding (1 + x7)~!/in powers of x and integrating 6

term by term. The series diverges for all x # 0.5 For x = 0.1, the series gives

only three significant digits before diverging. Nevertheless, convergence acceleration
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5.3.2 Accelerating the Convergence of Series 1

Sn= ) ag (5.3.5)2

lim 24 _ 55 (5.3.6)4

3

1
Sp = Zxk i —— (5.3.7)5

oo

s 3
Y (1Y, = ao—ar +az... — an- 1+Z( D ava)” 5393

ISEi|
s=0 2
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Here A is the forward difference operator, i.e.,8
Aay = apy1 —ay

Aa, = apio —2an41 + an (5.3.10)

A3Cln = daup+43 —3any2 +3an+1 —an etc.
Of course you don’t actually do the infinite sum on the right-hand side of (5.3.9), but 4
only the first, say, p terms, thus requiring the first p differences (5.3.10) obtained
from the terms starting at @,., There is an elegant and subtle implementation of
Euler’s transformation due to van Wijngaarden [6], discussed in full in a Webnote [7].

Euler’s transformation is an example of a linear transformation: The partial 2
sums of the transformed series are linear combinations of the partial sums of the
original series. Euler’s transformation and other linear transformations, while still
important theoretically, have generally been superseded by newer nonlinear trans-
formations that are considerably more powerful. As usual in numerical work, there
is no free lunch: While the nonlinear transformations are more powerful, they are
somewhat riskier than linear transformations in that they can occasionally fail spec-
tacularly. But if you follow the guidance below, we think that you will never again
resort to puny linear transformations.

The oldest example of a nonlinear sequence transformation is Aitken’s A?+7
process. If s, 8,41, 5,42 are three successive partial sums, then an improved es-
amae s ;o (Sn+1 — Sn)” _ (Asn)?

S, = S = = Gp — (5.3.11)
Spn+2 — 28041 + Sn NI

The formula (5.3.11) is exact for a geometric series, which is one way of deriving 3
it. If you form the sequence of s;’s,?you can apply (5.3.11) a second time to that
sequence, and so on. (In practice, this iteration will only rarely do much for you after
the first stage.) Note that equation (5.3.11) should be computed as written; there exist
algebraically equivalent forms that are much more susceptible to roundoff error.

Aitken’s A2-process works only on linearly convergent sequences. Like Euler’s5
transformation, it has also been superseded by algorithms such as the two we will
now describe. After giving routines for these algorithms, we will supply some rules
of thumb on when to use them.

The first “modern” nonlinear transformation was proposed by Shanks. An effi- 1
cient recursive implementation was given by Wynn, called the € algorithm. Aitken’s
A?-process ‘s a special case of the € algorithm, corresponding to using just three
terms at a time. Although we will not give a derivation here, it is easy to state ex-
actly what the € algorithm does: If you input the partial sums of a power series, the
€ algorithm returns the “diagonal” Padé approximants (§5.12) evaluated at the value
of x used in the power series. (The coefficients in the approximant itself are not
calculated.) That is, if [M/N] denotes the Padé approximant with a polynomial of
degree M in the numerator and degree N in the denominator, the algorithm returns
the numerical values of the approximants

[0,0], [t/0], [i/1], [2/1], [2/2], [3.,2], [3.3] ... (5.3.12)
(The object Epsalg below is roughly equivalent to pade in §5.12 followed by an9
evaluation of the resulting rational function.)

In the object Epsalg, which is based on a routine in [1], you supply the sequence 6
term by term and monitor the output for convergence in the calling program. Inter-
nally, the routine contains a check for division by zero and substitutes a large number
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—1

series.h

3

o

4
};
2

-5
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=
—

- 2

Cj
=5+ —_— 5.3.13)1
Sp =8 wng(n+ﬂ)f ( )
‘Here ), is the dominant term in the remainder of the sequence: 9
Sp— 8 = wplc + O(m™ Y], n— o005 (5.3.14)5

_2

iH)" (k) BAn+ D sy !

= J) B +n+k)kt wny
s == Y -)k—l 1 (5.3.15)4
. n—+j
—1)/
2 )(j)os N

(B+n)(B+n+k !
(B+n—+k+ 1)k

n n+1 ooy 2
Dg1(B) =D (B) — D}(B) (5.3.16)3

10

Sp/wp, numerator 3

DIB) = g (5.3.17)2

1/w,, denominator
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€9 00 1—x 1
3 1 %/ @t @Rl | @an (53.18)1
n+1 k*

x—1 x—1

(B + n)an., u transformation 2
an, t transformation
©On =\ an+1, d transformation (modified ¢ transformation) (5.3.19)3
andp+1

, v transformation
ap —dp+1

struct Levin

VecDoub numer,denom; Numerator and denominator computed via (5.3.16).
Int n,ncv;

Bool cnvgd;

Doub small,big; Numbers near machine underflow and overflow limits.

Doub eps,lastval,lasteps;

(&)]
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fact=(n-jt+beta)*term; 7
numer [n-jl=numer [n-j+1] -fact*numer [n-j];
denom[n-j]=denom[n-j+1]-fact*denom[n-j];
term=term*ratio;

3

n++;

val = abs(denom[0]) < small ? lastval : numer[0]/denom[0];
lasteps = abs(val-lastval);

if (lasteps <= eps) ncv++;

if (ncv >= 2) cnvgd = 1;

return (lastval = val);

Jg

You can use, or not use, the cnvgd flag exactly as previously discussed for Epsalg.6

An alternative to the model sequence method of deriving sequence transforma-5
tions is to use extrapolation of a polynomial or rational function approximation to
a series, e.g., as in Wynn’s p algorithm [1]. Since none of these methods generally
beats the two we have given, we won’t say any more about them.

5.3.3 Practical Hints and an Example1

There is no general theoretical understanding of nonlinear sequence transforma- 1
tions. Accordingly, most of the practical advice is based on numerical experiments [5].
You might have thought that summing a wildly divergent series is the hardest prob-
lem for a sequence transformation. However, the difficulty of a problem depends
more on whether the terms are all of the same sign or whether the signs alternate,
rather than whether the sequence actually converges or not. In particular, logarithmi-
cally convergent series with terms all of the same sign are generally the most difficult
to sum. Even the best acceleration methods are corrupted by rounding errors when
accelerating logarithmic convergence. You should always use double precision and
be prepared for some loss of significant digits. Typically one observes convergence
up to some optimum number of terms, and then a loss of significant digits if one tries
to go further. Moreover, there is no single algorithm that can accelerate every loga-
rithmically convergent sequence. Nevertheless, there are some good rules of thumb.

First, note that among divergent series it is useful to separate out asymptotic se- 2
ries, where the terms first decrease before increasing, as a separate class from other
divergent series, e.g., power series outside their radius of convergence. For alter-
nating series, whether convergent, asymptotic, or divergent power series, Levin’s u
transformation is almost always the best choice. For monotonic linearly convergent
or monotonic divergent power series, the € algorithm typically is the first choice, but
the u transformation often does a reasonable job. For logarithmic convergence, the u
transformation is clearly the best. (The € algorithm fails completely.) For series with
irregular signs or other nonstandard features, typically the € algorithm is relatively
robust, often succeeding where other algorithms fail. Finally, for monotonic asymp-
totic series, such as (6.3.11) for Ei(x), there is nothing better than direct summation
without acceleration.

The v and ¢ transformations are almost as good as the u transformation, except4
that the ¢ transformation typically fails for logarithmic convergence.

If you have only a few numerical terms of some sequence and no theoretical 3
insight, blindly applying a convergence accelerator can be dangerous. The algorithm
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can sometimes display “convergence” that is only apparent, not real. The remedy is 6
to try two different transformations as a check.

Since convergence acceleration is so much more difficult for a series of positive 4
terms than for an alternating series, occasionally it is useful to convert a series of
positive terms into an alternating series. Van Wijngaarden has given a transformation
for accomplishing this [6]:

o0 o0 2
v =) (=), (5.3.20)
r=1 r=1
where 9
Wy = Uy + 202, + 4vg, + 8vg, +---5 (5.3.21)

Equations (5.3.20) and (5.3.21) replace a simple sum by a two-dimensional sum, 1
each term in (5.3.20) being itself an infinite sum (5.3.21). This may seem a strange
way to save on work! Since, however, the indices in (5.3.21) increase tremendously
rapidly, as powers of 2, it often requires only a few terms to converge (5.3.21) to
extraordinary accuracy. You do, however, need to be able to compute the v;’s ef-
ficiently for “random” values r. The standard “updating” tricks for sequential r’s,3
mentioned above following equation (5.3.1), can’t be used.

Once you’ve generated the alternating series by Van Wijngaarden’s transforma- 3
tion, the Levin d transformation is particularly effective at summing the series [8].
This strategy is most useful for linearly convergent series with p close to 1. For
logarithmically convergent series, even the transformed series (5.3.21) is often too
slowly convergent to be useful numerically.

As an example of how to call the routines Epsalg or Levin, consider the prob- 7
lem of evaluating the integral

o0

I = / ol Jo(x)dx = Ko(1) = 0.4210244382...3 (5.3.22)
0 1 + x 2

Standard quadrature methods such as qromo fail because the integrand has a long5

oscillatory tail, giving alternating positive and negative contributions that tend to

cancel. A good way of evaluating such an integral is to split it into a sum of integrals

between successive zeros of Jo(x):1 1

00 ce 1
I = / f)dx =>"1, (5.3.23)
0 =0
where 8
I = /xj f(x)dx, f(xj)=0, j=0, N (5.3.24)

We take x_; equal to the lower limit of the integral, zero in this example. The idea is 2
to evaluate the relatively simple integrals /; by qromb or Gaussian quadrature, and
then accelerate the convergence of the series (5.3.23), since we expect the contri-
butions to alternate in sign. For the example (5.3.22), we don’t even need accurate
values of the zeros of Jo(x). It is good enough to take x; = (j + 1)w5which is
asymptotically correct. Here is the code:
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50

8

5.4 Recurrence Relations and Clenshaw’s!
Recurrence Formula

‘Many useful functions satisfy recurrence relations, e.g., 6
n+1D)Pryi1(x) = 2n + DxPy(x) —nPy—_1(x)4 5414
2n
Int1(x) = ?Jn (x) = Jn—1(x) ° (54.2)7
nEp1(x) =e ™ —xE,(x)7 (54.3)8
cosnf) = 2cos 6 cos(n —1)0 — cos(n —2)0 6 (5.4.4)9
sinnf = 2cos B sin(n —1)0 — sin(n —2)0 8 5.4.5)6

3

cos(f + 8) = cosf — [wcosO + Bsinb] 2

5.4.6
sin(f + 8) = sinf — [asin O — B cos 0] ( )3
‘where « and f are the precomputed coefficients 7
o = 2sin? (g) B =siné ! (5.4.7)2

1

0 1—1¢2 2t 3
t = tan (5) cosf = o sinf = 1 5.4.8)1
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The cost of getting both sin and cos, if you need them, is thus the cost of tan plus 23
multiplies, 2 divides, and 2 adds. On machines with slow trig functions, this can be a
savings. However, note that special treatment is required if & — =+ 3And also note
that many modern machines have very fast trig functions; so you should not assume
that equation (5.4.8) is faster without testing.

5.4.1 Stability of Recurrences1

You need to be aware that recurrence relations are not necessarily stable against5
roundoff error in the direction that you propose to go (either increasing n or decreas-
ing n). A three-term linear recurrence relation

Yn+1 + anyn + bpnyn—1 =0, n=12,... (5.4.9)

has two linearly independent solutions, f, and g, say. Only one of these corre-2
sponds to the sequence of functions f;, ®hat you are trying to generate. The other
one, g, nay be exponentially growing in the direction that you want to go, or ex-
ponentially damped, or exponentially neutral (growing or dying as some power law,
for example). If it is exponentially growing, then the recurrence relation is of little
or no practical use in that direction. This is the case, e.g., for (5.4.2) in the direction
of increasing n, when x < n£ You cannot generate Bessel functions of high n by
forward recurrence on (5.4.2).
To state things a bit more formally, if 6

fn/gn —>0 as n— o0 (5.4.10)

then f, is'called the minimal solution of the recurrence relation (5.4.9). Nonminimal 4
solutions like g, azre called dominant solutions. The minimal solution is unique, if it
exists, but dominant solutions are not — you can add an arbitrary multiple of f, to
a given g, You can evaluate any dominant solution by forward recurrence, but not
the minimal solution. (Unfortunately it is sometimes the one you want.)
Abramowitz and Stegun (in their Introduction!) [1] give a list of recurrences 1

that are stable in the increasing or decreasing direction. That list does not contain all
possible formulas, of course. Given a recurrence relation for some function f, (x)/
you can test it yourself with about five minutes of (human) labor: For a fixed x in
your range of interest, start the recurrence not with true values of f;(x)and f;(x);
but (first) with the values 1 and 0, respectively, and then (second) with O and 1,
respectively. Generate 10 or 20 terms of the recursive sequences in the direction
that you want to go (increasing or decreasing from j ), for each of the two starting
conditions. Look at the differences between the corresponding members of the two
sequences. If the differences stay of order unity (absolute value less than 10, say),
then the recurrence is stable. If they increase slowly, then the recurrence may be
mildly unstable but quite tolerably so. If they increase catastrophically, then there is
an exponentially growing solution of the recurrence. If you know that the function
that you want actually corresponds to the growing solution, then you can keep the
recurrence formula anyway (e.g., the case of the Bessel function Y, (x) for increasing
n; see §6.5). If you don’t know which solution your function corresponds to, you
must at this point reject the recurrence formula. Notice that you can do this test
before you go to the trouble of finding a numerical method for computing the two
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Yn+1 = 2YYn +Yn-1 =06 (5.4.11)2

7

a>=2ya+1=0 or a=y+.y2-13 (5.4.12)6

gni1/8n ~—an®,  fuy1/fo ~ —(bja)nP=* 2 (5.4.13)4

10

t2+at+b=04 (5.4.14)5

8n+1/8n ~ 11n%, Ja+1/fo ~ t2n* 1 (5.4.15)3

4

1= Jo(x) +2J2(x) +2J4(x) +2J6(x) +---5 (5.4.16)1
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Incidentally, there is an important relation between three-term recurrence rela-4
tions and continued fractions. Rewrite the recurrence relation (5.4.9) as

b
N 2 4 (5.4.17)1
Yn—1 dap +yn+1/Yn
Iterating this equation, starting with n, gives 6
b b
VU B S (5.4.18)2
Yn—1 an — dp+1 —

Pincherle’s theorem [2] tells us that (5.4.18) converges if and only if (5.4.9) has a1l
minimal solution f,,in which case it converges to f;/ f,—1% This result, usually for
the case n = land combined with some way to determine fy,linderlies many of the
practical methods for computing special functions that we give in the next chapter.

5.4.2 Clenshaw’s Recurrence Formula1

Clenshaw’s recurrence formula [5] is an elegant and efficient way to evaluate a 5
sum of coefficients times functions that obey a recurrence formula, e.g.,

N N 3
fO) =) crcoskf or  f(x) = cxPr(x)
k=0 k=0

Here is how it works: Suppose that the desired sum is 8

N 2
) =) e Fi(x) (5.4.19)3
k=0

and that F obeys the recurrence relation 7
Fry1(x) = a(n, x) Fy(x) + B(n, x) Fy—1(x) 7 (5.4.20)5
for some functions «(n, x) and (n, x). WNow define the quantities y; (k = N, N —20
1,...,1) by the recurrence
YN+2=YN+1 =0 6
Ve = ok, X)yrr1 + Bk + Lx)ykyz +cx (k=NN—1,....1)
(5.4.21)6

If you solve equation (5.4.21) for ¢ on the left, and then write out explicitly the sum 3
(5.4.19), it will look (in part) like this:
flx) =+ 1

+ [ys —a(8,x)yo — B(9. x) y10] Fs(x)

+ [y7 —a(7,x)ys — B(8, x)yo] F7(x)

+ [y6 — (6,x)y7 — B(7,x)ys] Fs(x)

+ [y5s — (5, x)y6 — B(6,x) y7] F5(x) (54.22)4

+ e

+ [y2 —a(2,x)y3 — B(3, x) ya] F2(x)

+ 1 —a(l,x)y2 — (2, x)ys] F1(x)

+ [co + B(1. x)y2 — B(1, x) y2] Fo(x)
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Notice that we have added and subtracted S(1., x)y> in the last line. If you examine 3
the terms containing a factor of yg in (5.4.22), you will find that they sum to zero
as a consequence of the recurrence relation (5.4.20); similarly for all the other yz’s 9
down through y, > The only surviving terms in (5.4.22) are

f(x) = B(1.x)Fo(x)y2 + F1(x)y1 + Fo(x)co 2 (5.4.23)

Equations (5.4.21) and (5.4.23) are Clenshaw’s recurrence formula for doing the 4
sum (5.4.19): You make one pass down through the y;’s using (5.4.21); when you
have reached y, and y;ovou apply (5.4.23) to get the desired answer.

Clenshaw’s recurrence as written above incorporates the coefficients ¢ in a1l
downward order, with k decreasing. At each stage, the effect of all previous cx’s 15
is “remembered” as two coefficients that multiply the functions Fy . and Fj (elti-
mately Fo and Fy). If the functions F ate small when k is large, and if the coeffi-
cients ¢y are small when k is small, then the sum can be dominated by small F’s./In
this case, the remembered coefficients will involve a delicate cancellation and there
can be a catastrophic loss of significance. An example would be to sum the trivial
series

Jis(1) =0x Jo(1) + 0 x J1(1) + ... + 0x J14(1) + 1 x J15(1) 3 (5.4.24)

Here J5,iwhich is tiny, ends up represented as a canceling linear combination of Jy 53
and J; 2which are of order unity.

The solution in such cases is to use an alternative Clenshaw recurrence that7
incorporates the ¢ ’s in an upward direction. The relevant equations are

PR 265.4.25)
1

Ve = m[yk_z —a(k.X)yk—1 —ckl. k=0,1,....N—1 (54.26)

f(x) =cnFn(x) = B(N. X)FN-1(x)yn—1 — FN(X)yN—229 (5.4.27)

The rare case where equations (5.4.25) — (5.4.27) should be used instead of 2
equations (5.4.21) and (5.4.23) can be detected automatically by testing whether
the operands in the first sum in (5.4.23) are opposite in sign and nearly equal in
magnitude. Other than in this special case, Clenshaw’s recurrence is always stable,
independent of whether the recurrence for the functions Fy iis stable in the upward
or downward direction.

5.4.3 Parallel Evaluation of Linear Recurrence Relations 1

When desirable, linear recurrence relations can be evaluated with a lot of parallelism.g
Consider the general first-order linear recurrence relation

uj =aj + b_/_luj_l, j=23,....n4 (5.4.28)

with initial value 1 = a1 To parallelize the recurrence, we can employ the powerful general 5
strategy of recursive doubling. Write down equation (5.4.28) for 2j and for 2j — 1:5

Upj =anj +byj_1uzj—1 1 (5.4.29)
Upj—1 =azj—1 +byj ouzj >
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‘Substitute the second of these equations into the first to eliminate u5 ;1 and get g

uzj = (azj +azj—1bzj—1) + (baj—2bzj_1)uzj— 4 (54.30)4

uj =(aj +aj_1bj—1) + (bj—2bj—1)uj—25 (54.31)2

yj =aj+bj 2yj 1+cj2yj-2, j=34,....n6 (5.4.32)5
‘with initial values g
y1 =ai, ya=axg 5.4.33)6
o R e rcmene o e o) 11 P b
i\ _ 0 0 1 Yi—1 F— 9 .3
(yj+1) (aj+1) + (Cj—l bi1 v, ) J yoe,n—1 (5.4.34)3
lthatis, 10
u; =a; +b;_1-u;_q, j=2,...,n—-17 (5.4.35)1
Iwhere 11
(Y _( O o _( O 1 \1
L (Yj+1) ) aj (aj+1) ) bj_1 (Cj—l bj_1 (5.4.36)7
fand 12 ,
—a — (Y1) (N1
u; =a; = (yz) = (az) (5.437)8

2
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5.5 Complex Arithmetic!

(a+ib)(c+id)=(ac—bd)+i(bc+ad)l (5.5.1)2

6

(a+ib)(c+id) = (ac —bd)+i[(a+b)(c+d)—ac—bd]2 (552)1

4
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answer is on the edge of representability. Not so for the complex modulus, if you or2
your compiler is misguided enough to compute it as

la +ib| = Va2 +b27 (bad!)8 (5.5.3)2

whose intermediate result will overflow if either a or b is as large as the square root 1
of the largest representable number (e.g., 10'° as compared to 103®)-The right way
to do the calculation is

laly'1 + (b/a)? la| = |b] 4
blV1+(a/b)? l|a| < |b]

Complex division should use a similar trick to prevent avoidable overflow, un- 3
derflow, or loss of precision:

la +ib| = (5.54)1

[a+b(d/c)] +i[b—a(d/c)] |c|>|d|2
ﬂ: c+d(d/c) - (55.5)4
c+id la(c/d) + b] +i[b(c/d) —a] el < |d| -
c(c/d)+d

Of course you should calculate repeated subexpressions, like ¢ /d or d /c fonly once. 6

Complex square root is even more complicated, since we must both guard inter- 4
mediate results and also enforce a chosen branch cut (here taken to be the negative
real axis). To take the square root of ¢ + id “first compute

0 c=d=0°

d 2
/Hf“li(/c) el = 1d]

g
Il

(5.5.6)5

d d)?
M\/'C/ BN EGIN

Then the answer is 5
0 w=0 1

d
w+i|— w#0,c>0

Ve +id = |d] (5.5.7)6

— 4w w#0,c<0,d>0

— —iw w#0,c<0,d <0

CITED REFERENCES AND FURTHER READING:

Midy, P., and Yakovley, Y. 1991, “ Computing Some Elementary Functions of a Complex Variable,” 8
Mathematics and Computers in Simulation, vol. 33, pp. 33—49.

Knuth, D.E. 1997, Seminumerical Algorithms, 3rd ed., vol. 2 of The Art of Computer Program- 7
ming (Reading, MA: Addison-Wesley) [see solutions to exercises 4.2.1.16 and 4.6.4.41].
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5.6 Quadratic and Cubic Equations'

1
‘There are two ways to write the solution of the quadratic equation 7
ax’>+bx+c¢=06 (5.6.1)3
with real coefficients a. b. ¢, namely 8
—b+ b2 —4dac?
X = ¢ (5.6.2)6
2a
fand 10
Y= 2¢ ! (5.63)5
—b + /b2 —4dac o

1
q=-3 [b + sgn(b) Vb2 — 4ac] 3 (5.6.4)1
‘Then the two roots are 9
5 = 4 and Xy = g4 (5.6.5)4
a q

_3
Re(b*Vb2 —4dac) > 05 (5.6.6)2

‘where Re denotes the real part and asterisk denotes complex conjugation. 6
4
sinh™'(x) = In(x + vx2+1)10 (5.6.7)7
cosh™'(x) = + In(x + vVx2—1)12 (5.6.8)8

5
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For the cubic equation 10

x> +ax>+bx+c¢=010 (5.6.9)8

‘with real or complex coefficients a. b, ¢, first compute 4

a? —3b 2a3 —9ab + 27¢ 2
= d R = 5.6.10

0="3" - (561009
e e !
0 = arccos(R/+/Q3)8 (5.6.11)4

”) - (5.6.12)6
3
a
3

‘Otherwise, compute 11
A= _[R+ R2_Q3]1/33 (5.6.13)7
~where the sign of the square root is chosen to make 7
Re(R*/RZ— 03) > 09 (5.6.14)5
(o e e R g
1/3 4
A = —sgn(R) [|R| +VRE Q3] (5.6.15)1
“where the positive square root is assumed. Next compute 6
_)o/A 4a#£0!
B=1{, o) (5.6.16)2
“in terms of which the three roots are 8
xi=(A+B —%6 (5.6.17)3
(the single real root when a, b, ¢ are real) and 5
Yp= 24+ B) Y +i£(A—B)5
2 3 j_ (5.6.18)10
vs= A+ B =i u_ B

2 3 2
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w

CITED REFERENCES AND FURTHER READING: 2

= ©
o

5.7 Numerical Derivatives!

&)

S = ()2
h

/() (57.1)3

N

f(x+h)= f(x)+hf'(x)+ %hzf”(x) + éh3f’”(x) +---3 (5.7.2)2

‘whence g
f&x+h) - fx)
h

1
=f'+ Ehf”+---1 (5.7.3)1

1

N
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~

‘temp = x + h 23 20

(5.7.4)3
h = temp —x 18

‘ = N
o

1
G (5.7.5)5

2

(er +e)/ 11 ~ Ve (ff" | V2 ~ &7 4 (5.7.6)6

_f+h)—-f(x=h)3

() 7 (5.7.7)1

|

1/3
h~(?£) ~ (/) 3xe (5.7.8)4
“and the fractional error is 10
(er +e) /'] ~ (e f21(f"3) £ ~ (e)*/35 (5.7.9)2
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Pf _a+hy+h)—fa+hy—m-[fx—hy+h)—fx—hy-h]1l

axdy 4h2
(5.7.10) 2

oo} ~

© (00}

dfridr.h
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5.8 Chebyshev Approximation?

4

T, (x) = cos(n arccos x) 5 (5.8.1)6
1

To(x) =1 11

Ti(x) = x

Ty(x) =2x% -1

T3(x) = 4x3 — 3x (5.8.2)5

Ta(x) = 8x* —8x2 +1

Thy1(x) = 2xTp(x) = Ty—1(x) n>1.

0 i#j 1

[ T, {z/z D e
e
X = cos (#—i_%)) k=0,1,..., n—13 (5.8.4)1

In this same interval there are # + 1 extrema (maxima and minima), located at g

X = cos (%k) k=0,1,..., n 4 (5.8.5)2

2

D T Ty () =

k=0

m/2 i=j#0 (5.8.6)3
m i=j=0

1 {0 i#j 2
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[T 17 T T T [ T [ T [ T T T T T T T [ 1T
1 Ty

1
i

LX)
-1 [ i I
= -8 -6 -4 =2,

T

I
|
Tz

ma

Ts
I [ S T I i I
0 2 4 .6
X

T T T
e——

Chebyshev polynomials

.8 1

Figure 5.8.1. Chebyshev polynomials 70 (x) ghrough T (x).7Note that T'; has j roots in the interval
(=1, 1) and that all the polynomials are bounded between 1.

It is not too difficult to combine equations (5.8.1), (5.8.4), and (5.8.6) to prove 2
the following theorem: If f(x) s an arbitrary function in the interval [—1, 1], and if
N coefficients ¢;, j = 0,..., N — 1.are defined by

5 N-I 1
¢ =~ 2 fOT(xe)
o (5.87)2
2 = w(k + %) wj(k + %)
= — flcos| ———= | |cos | ———=
N N N
k=0
then the approximation formula 3
N-1 1 2
f(x) = |: Z Cka(x)} —5¢0 (5.8.8)1
k=0

is exact for x equal to all of the N zeros of Ty (x)4

For a fixed N, equation (5.8.8) is a polynomial in x that approximates the func- 1
tion f(x)dn the interval [—1, 1] (where all the zeros of T (x)-are located). Why is
this particular approximating polynomial better than any other one, exact on some
other set of N points? The answer is not that (5.8.8) is necessarily more accurate
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m—1 1
f(x) ~ [Z cka(x)i| — %co (5.8.9)1
k=0

x—%(b+a)2
1b-a)

(5.8.10)2

=
1

7 chebyshev.h



2362 Chapter 5.  Evaluation of Functions 1

-4
};

:Chebyshev(Doub func(Doub), Doub aa, Doub bb, Int nn=50)
m(nn c(n a(aa b (bb

1

chebyshev.h Chebyshev:
;. n(nn
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dnt1=dm =0 3
dj =2xdj11 —djyz + ¢ j=m—-1m-2,...,1 5.8.11)4
f(x)=do = xdy —dy + %co

chebyshev.h
7

w

Chebyshev approxfunc(func,0.,1.,50);
approxfunc.setm(1.e-8);

y = approxfunc(x) ;

N

Ton(x) = T,(2x2 —1)2 (5.8.12)3

4

12

[N

/ _
N1 =0
/

5.8.13
cn—1=26n_c;+1, n=N-1,N-3,... ( )2
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you must also change the last formula in equation (5.8.11) to be 7
f(x) = x[Q2y = D)di = d2 + co] (5.8.14)

and change the corresponding line in eval.8

5.8.1 Chebyshev and Exponential Convergence 1

Since first mentioning truncation error in §1.1, we have seen many examples of 4
algorithms with an adjustable order, say M, such that the truncation error decreases
as the M th power of something. Examples include most of the interpolation methods
in Chapter 3 and most of the quadrature methods in Chapter 4. In these examples
there is also another parameter, NV, which is the number of points at which a function
will be evaluated.

We have many times warned that “higher order does not necessarily give higher 3
accuracy.” That remains good advice when N is held fixed while M is increased.
However, a recently emerging theme in many areas of scientific computation is the
use of methods that allow, in very special cases, M and N to be increased rogether,
with the result that errors not only do decrease with higher order, but decrease expo-
nentially!

The common thread in almost all of these relatively new methods is the remark- 5
able fact that infinitely smooth functions become exponentially well determined by
N sample points as N is increased. Thus, mere power-law convergence may be just
a consequence of either (i) functions that are not smooth enough, or (ii) endpoint
effects.

We already saw several examples of this in Chapter 4. In §4.1 we pointed out 2
that high-order quadrature rules can have interior weights of unity, just like the trape-
zoidal rule; all of the “high-orderness” is obtained by a proper treatment near the
boundaries. In §4.5 we further saw that variable transformations that push the bound-
aries off to infinity produce rapidly converging quadrature algorithms. In §4.5.1 we
in fact proved exponential convergence, as a consequence of the Euler-Maclaurin
formula. Then in §4.6 we remarked on the fact that the convergence of Gaussian
quadratures could be exponentially rapid (an example, in the language above, of
increasing M and N simultaneously).

Chebyshev approximation can be exponentially convergent for a different 1
(though related) reason: Smooth periodic functions avoid endpoint effects by not
having endpoints at all! Chebyshev approximation can be viewed as mapping the
x interval [—1, 1] onto the angular interval [0, r] (cf. equations 5.8.4 and 5.8.5) in
such a way that any infinitely smooth function on the interval [—1, 1] becomes an
infinitely smooth, even, periodic function on [0, 27z]. Figure 5.8.2 shows the idea
geometrically. By projecting the abscissas onto a semicircle, a half-period is pro-
duced. The other half-period is obtained by reflection, or could be imagined as the
result of projecting the function onto an identical lower semicircle. The zeros of the
Chebyshev polynomial, or nodes of a Chebyshev approximation, are equally spaced
on the circle, where the Chebyshev polynomial itself is a cosine function (cf. equa-
tion 5.8.1). This illustrates the close connection between Chebyshev approximation
and periodic functions on the circle; in Chapter 12, we will apply the discrete Fourier
transform to such functions in an almost equivalent way (§12.4.2).

The reason that Chebyshev works so well (and also why Gaussian quadratures 6
work so well) is thus seen to be intimately related to the special way that the the
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fix) 1

(@)

(b)

Figure 5.8.2. Geometrical construction showing how Chebyshev approximation is related to periodic |
functions. A smooth function on the interval is plotted in (a). In (b), the abscissas are mapped to a
semicircle. In (c), the semicircle is unrolled. Because of the semicircle’s vertical tangents, the function is
now nearly constant at the endpoints. In fact, if reflected into the interval [, 277], it is a smooth, even,
periodic function on [0, 27].

CITED REFERENCES AND FURTHER READING: 1
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=

(&)

w

5.9.1)2
(5.9.2)3

]

3

chebyshev.h  Chebyshev Chebyshev::derivative

(e}

S

~

chebyshev.h Chebyshev Chebyshev::integral()

Int j;
Doub sum=0.0,fac=1.0,con;
VecDoub cint(n);

con=0.25%(b-a) ; Factor that normalizes to the interval b-a.
for (j=1;j<n-1;j++) {
cint[jl=con*(c[j-11-c[j+11)/]; Equation (5.9.1).
sum += facxcint[j]; Accumulates the constant of integration.
fac = -fac; Will equal £1.
}

cint [n-1]=con*c[n-2]/(n-1); Special case of (5.9.1) for n-1.
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‘Set the constant of integration.7

5.9.1 Clenshaw-Curtis Quadrature 1

1

g 1 1 1 2
/; f(x)dx = (b —a) [ECO — 36‘2 — EC4 — m(:zk — i| (593)3

5
2

CITED REFERENCES AND FURTHER READING: 3
_ |
5.10 Polynomial Approximation from?
Chebyshev Coefficients

(e}
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m—1 1
S~ Y gkxk. a<x<b (5.10.1)2
k=0
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o i, .
for (k=n-2;k>=j;k--)

d[k] -= cnst*d[k+1];

5

4

+%——+--- (5.11.1)2
1

©

(o]

peshft(a,b,d,n) 2

“turns out to be (you can check this) 14

pcshft.h
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xTo =T1 1

5.11.2)2
xTy = %(Tn+1 +Tp—1), n>1.

chebyshev.h
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5.12 Padé Approximants'

S

M 1
Z akxk
R(x) = "=‘;v7 (G.12.1)1
1+ Z bkxk
k=1
‘then R(x) isisaid to be a Padé approximant to the series 7
& 3
fx) =) gk (5.12.2)2
k=0
lifg
R(©0) = f(0)4 (5.12.3)4
‘and also 8
dk* d* 2
Z_R(x) = — f(x) ., k=1,2,...,.M+N (5.12.4)6
dxk _ dxk 0

N 5
> bmCN-mtk = —CN4k.  k=1....N (5.125)5
m=1
k
> bmCk—m = a. k=1,....N (5.12.6)3

m=0
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10 I I I | I I I | I I I | I I I I I

g — SX) =17+ (1 +x)4/3]1/3 —

61— power series (5 terms)\ ]
8 L —
k‘\ — —

4 — . —

Padé (5 coefficients)
2
0 B | | | | | | | | | | | | | | | | | | | ]
0 2 4 6 8 10
X

Figure 5.12.1. The five-term power series expansion and the derived five-coefficient Padé approximant for
a sample function f(x). The full power series converges only for x < 1£Note that the Padé approximant
maintains accuracy far outside the radius of convergence of the series.

It is sometimes quite mysterious how well this can work. (Like other mysteries in mathemat- 6
ics, it relates to analyticity.) An example will illustrate.

Imagine that, by extraordinary labors, you have ground out the first five terms in the 4
power series expansion of an unknown function f(x)g

_ 1 I 5, 49 4 175 4 1
fx)~2+ 9x+ 81x 8748x AF 78732x 4F (5.12.7)
(It is not really necessary that you know the coefficients in exact rational form — numerical 2
values are just as good. We here write them as rationals to give you the impression that they
derive from some side analytic calculation.) Equation (5.12.7) is plotted as the curve labeled
“power series” in Figure 5.12.1. One sees that for x = 4 it is dominated by its largest,
quartic, term.

We now take the five coefficients in equation (5.12.7) and run them through the routine 3
pade listed below. It returns five rational coefficients, three a’s and two b’s, for use in equation
(5.12.1) with M = N = 2./The curve in the figure labeled “Padé” plots the resulting rational
function. Note that both solid curves derive from the same five original coefficient values.

To evaluate the results, we need Deus ex machina (a useful fellow, when he is available) 5
to tell us that equation (5.12.7) is in fact the power series expansion of the function

fx) =17+ 1 +x)*31/32 (5.12.8)

which is plotted as the dotted curve in the figure. This function has a branch point at x = —15]
so its power series is convergent only in the range —1 < x < 1.3 In most of the range
shown in the figure, the series is divergent, and the value of its truncation to five terms is
rather meaningless. Nevertheless, those five terms, converted to a Padé approximant, give a
remarkably good representation of the function up to at least x ~ 105
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pade.h
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good approximations that are rational functions (see §5.1). The reason for doing so is that,3
for some functions and some intervals, the optimal rational function approximation is able
to achieve substantially higher accuracy than the optimal polynomial approximation with the
same number of coefficients. This must be weighed against the fact that finding a rational func-
tion approximation is not as straightforward as finding a polynomial approximation, which, as
we saw, could be done elegantly via Chebyshev polynomials.

Let the desired rational function R(x)/have a numerator of degree m and denominator 10
of degree k. Then we have

Po + p1x + -+ pmx™
R(x) = T
I+ q1x -4 qrx

~ f(x) fora <x <b 8 (5.13.1)

The unknown quantities that we need to find are po, ..., pm@and gi1.....qgothat is, m + g4
k + 1quantities in all. Let (x) denote the deviation of R(x) from f(x).and let r denote its
maximum absolute value,

r(x) = R(x) — f(x) r = maxb [r(x)] 2 (5.13.2)

The ideal minimax solution would be that choice of p’s and ¢’s #hat minimizes r. Obviously 4
there is some minimax solution, since 7 is bounded below by zero. How can we find it, or a
reasonable approximation to it?

A first hint is furnished by the following fundamental theorem: If R(x) is/nondegenerate 1
(has no common polynomial factors in numerator and denominator), then there is a unique
choice of p’s and ¢’s that minimizes r; for this choice, r(x) /s m + k + 2 extrema in
a < x < b,all of magnitude r and with alternating sign. (We have omitted some technical
assumptions in this theorem. See Ralston [1] for a precise statement.) We thus learn that the
situation with rational functions is quite analogous to that for minimax polynomials: In §5.8
we saw that the error term of an nth-order approximation, with n + 1 €hebyshev coefficients,
was generally dominated by the first neglected Chebyshev term, namely 7}, 41 vwhich itself
has n + 2 extrema of equal magnitude and alternating sign. So, here, the number of rational
coefficients, m + k + 1,iplays the same role of the number of polynomial coefficients, n + 1.1 7

A different way to see why 7 (x) should have m + k + 2 extrema is to note that R(x).¢an7
be made exactly equal to f(x) atany m + k -+ 1 peints x;. Multiplying equation (5.13.1) by
its denominator gives the equations

po—l—plxi—i—-n—l—pmxlm = f(xl')(1~|—q1xl'+--'+qulk) i=0,1,...,m+k 45.13.3)

This is a set of m + k + 1dinear equations for the unknown p’s and ¢’swhich can be solved 2
by standard methods (e.g., LU decomposition). If we choose the x;’s i¢all be in the interval
(a,b)5then there will generically be an extremum between each chosen x; -and x;41,plus
also extrema where the function goes out of the interval at a and b, for a total of m + k + 211
extrema. For arbitrary x;’s,the extrema will not have the same magnitude. The theorem says
that, for one particular choice of x;’s,sthe magnitudes can be beaten down to the identical,
minimal, value of r.

Instead of making f(x;) and R(x;) equal at the points x;,jene can instead force theQ
residual 7 (x; ) io)any desired values y; by solving the linear equations

P+ p1xi o+ pux!" = [f(0) =yl (1 quxi +oo b gexf) i =0,1,...,m+k5

(5.13.4)
In fact, if the x;’s are chosen to be the extrema (not the zeros) of the minimax solution, then 8
the equations satisfied will be

o+ p1xi 44 pmx™ = [fO) £+ qixi ++qrx¥)  i=01,....m+k+13
(5.13.5)
where the + alternates for the alternating extrema. Notice that equation (5.13.5) is satisfied at5
m + k + 2 extrema, while equation (5.13.4) was satisfied only at m + k + 1 arbitrary points.
How can this be? The answer is that 7 in equation (5.13.5) is an additional unknown, so that
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the number of both equations and unknowns is m + k + 2.1 True, the set is mildly nonlinear 7
(in r), but in general it is still perfectly soluble by methods that we will develop in Chapter 9.

We thus see that, given only the locations of the extrema of the minimax rational func- 4
tion, we can solve for its coefficients and maximum deviation. Additional theorems, leading
up to the so-called Remes algorithms [1], tell how to converge to these locations by an iterative
process. For example, here is a (slightly simplified) statement of Remes’ Second Algorithm:
(1) Find an initial rational function with m + k + 2 extrema x; (not having equal deviation).
(2) Solve equation (5.13.5) for new rational coefficients and r. (3) Evaluate the resulting R (x)
to find its actual extrema (which will not be the same as the guessed values). (4) Replace
each guessed value with the nearest actual extremum of the same sign. (5) Go back to step
2 and iterate to convergence. Under a broad set of assumptions, this method will converge.
Ralston [1] fills in the necessary details, including how to find the initial set of x;’s.

Up to this point, our discussion has been textbook standard. We now reveal ourselves as 3
heretics. We don’t much like the elegant Remes algorithm. Its two nested iterations (on r in
the nonlinear set 5.13.5, and on the new sets of x;’s) are finicky and require a lot of special
logic for degenerate cases. Even more heretical, we doubt that compulsive searching for the
exactly best, equal deviation approximation is worth the effort — except perhaps for those
few people in the world whose business it is to find optimal approximations that get built into
compilers and microcode.

When we use rational function approximation, the goal is usually much more pragmatic: 1
Inside some inner loop we are evaluating some function a zillion times, and we want to speed
up its evaluation. Almost never do we need this function to the last bit of machine accuracy.
Suppose (heresy!) we use an approximation whose error has m + k + 2 extrema whose devia-
tions differ by a factor of 2. The theorems on which the Remes algorithms are based guarantee
that the perfect minimax solution will have extrema somewhere within this factor of 2 range
— forcing down the higher extrema will cause the lower ones to rise, until all are equal. So
our “sloppy”” approximation is in fact within a fraction of a least significant bit of the minimax
one.

That is good enough for us, especially when we have available a very robust method 2
for finding the so-called “sloppy” approximation. Such a method is the least-squares solution
of overdetermined linear equations by singular value decomposition (§2.6 and §15.4). We
proceed as follows: First, solve (in the least-squares sense) equation (5.13.3), not just for
m + k + 1 values of x;, but for a significantly larger number of x;’s, spaced approximately
like the zeros of a high-order Chebyshev polynomial. This gives an initial guess for R(x).
Second, tabulate the resulting deviations, find the mean absolute deviation, call it , and then
solve (again in the least-squares sense) equation (5.13.5) with r fixed and the & chosen to be
the sign of the observed deviation at each point x;. Third, repeat the second step a few times.

You can spot some Remes orthodoxy lurking in our algorithm: The equations we solve g
are trying to bring the deviations not to zero, but rather to plus-or-minus some consistent
value. However, we dispense with keeping track of actual extrema, and we solve only linear
equations at each stage. One additional trick is to solve a weighted least-squares problem,
where the weights are chosen to beat down the largest deviations fastest.

Here is a function implementing these ideas. Notice that the only calls to the function fn 5
occur in the initial filling of the table £s. You could easily modify the code to do this filling
outside of the routine. It is not even necessary that your abscissas xs be exactly the ones
that we use, though the quality of the fit will deteriorate if you do not have several abscissas
between each extremum of the (underlying) minimax solution. The function returns a Ratfn
object that you can subsequently use as a functor, or from which you can extract the stored
coefficients.

Ratfn ratlsq(Doub fn(const Doub), const Doub a, const Doub b, const Int mm, 11 ratlsq.h 9
const Int kk, Doub &dev)

Returns a rational function approximation to the function £n in the interval (a,b). Input quanti- 8

ties mm and kk specify the order of the numerator and denominator, respectively. The maximum

absolute deviation of the approximation (insofar as is known) is returned as dev.

{
const Int NPFAC=8,MAXIT=5; 12
const Doub BIG=1.0e99,PI02=1.570796326794896619; 13
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Figure 5.13.1. Solid curves show deviations 7 (x) for five successive iterations of the routine rat1lsq for
an arbitrary test problem. The algorithm does not converge to exactly the minimax solution (shown as
the dotted curve). But, after one iteration, the discrepancy is a small fraction of the last significant bit of
accuracy.

minimax solution. The iterations do not converge in the order that the figure suggests. In fact, 2
it is the second iteration that is best (has smallest maximum deviation). The routine ratlsq
accordingly returns the best of its iterations, not necessarily the last one; there is no advantage
in doing more than five iterations.
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5.14 Evaluation of Functions by Path*
Integration

In computer programming, the technique of choice is not necessarily the most 3
efficient, or elegant, or fastest executing one. Instead, it may be the one that is quick
to implement, general, and easy to check.

One sometimes needs only a few, or a few thousand, evaluations of a special 1
function, perhaps a complex-valued function of a complex variable, that has many
different parameters, or asymptotic regimes, or both. Use of the usual tricks (series,
continued fractions, rational function approximations, recurrence relations, and so
forth) may result in a patchwork program with tests and branches to different formu-
las. While such a program may be highly efficient in execution, it is often not the
shortest way to the answer from a standing start.
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A different technique of considerable generality is direct integration of a func- 3
tion’s defining differential equation — an ab initio integration for each desired func-
tion value — along a path in the complex plane if necessary. While this may at first
seem like swatting a fly with a golden brick, it turns out that when you already have
the brick, and the fly is asleep right under it, all you have to do is let it fall!

As a specific example, let us consider the complex hypergeometric function5
2 Fi(a, b, c; z)-which is defined as the analytic continuation of the so-called hyper-
geometric series,

ab z  a(a+ b +1) z? 2
F =14 — = R
2F1(a,b,¢;2) + c 1 c(c+1) 2!
a@+1)...(a+j—DbG+1)...(b+j—1)z
+ 5 - +
cic+1)...(c+j—1 J!

(5.14.1)

The series converges only within the unit circle |z| < 1 (see [1]);but one’s interest in 7
the function is often not confined to this region.

The hypergeometric function , F is a solution (in fact the solution that is regular 6
at the origin) of the hypergeometric differential equation, which we can write as

z(1—2z)F" =abF —[c—(a+ b+ 1)z]F’'3 (5.14.2)

Here prime denotes d /dz.10One can see that the equation has regular singular points 2
at z = 0, 1sand oco. Since the desired solution is regular at z = 0,/the values 1 and
oo will in general be branch points. If we want , F; G0 be a single-valued function,
we must have a branch cut connecting these two points. A conventional position for
this cut is along the positive real axis from 1 to oo, though we may wish to keep open
the possibility of altering this choice for some applications.

Our golden brick consists of a collection of routines for the integration of sets 1
of ordinary differential equations, which we will develop in detail later, in Chapter
17. For now, we need only a high-level, “black-box” routine that integrates such a set
from initial conditions at one value of a (real) independent variable to final conditions
at some other value of the independent variable, while automatically adjusting its
internal stepsize to maintain some specified accuracy. That routine is called Odeint
and, in one particular invocation, it calculates its individual steps with a sophisticated
Bulirsch-Stoer technique.

Suppose that we know values for F and its derivative F’ atsome value zg,:and 4
that we want to find F at some other point z; in the complex plane. The straight-line
path connecting these two points is parametrized by

z(s) = zo + s(z1 — 29) 4 (5.14.3)

with s a real parameter. The differential equation (5.14.2) can now be written as a8
set of two first-order equations,

dF
—— = (z1 —z0) F’ '

ds
MF—k—w+b+UﬂP) (5.14.4)

dF’
ds (21 =20) ( z(1—2)
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