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6.1 Gamma Function, Beta Function,:
Factorials, Binomial Coefficients

‘The gamma function is defined by the integral 5
R 3
I'(z) =/ t? et dt 6.1.1)3
0
. n
nl=Irmn+1)5 6.1.2)4
‘The gamma function satisfies the recurrence relation 6
Frz+1)=zT(2)4 6.1.3)2

. b4 . nz 2
"~ T(z)sin(rz) T+ z)sin(rz)

r'a-z)

1
Frz+)=(0+y+ E)z"'%e_(z""""%) ‘
C1 2 CN
2 0
. n|:60+z+1+z+2+ +Z+N+€] (z>0)
(6.1.5)5

2




6.1 Gamma, Beta, and Related Functions1
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gamma.h
‘The binomial coefficient is defined by 7
n n! 3
gamma.h

6.1.7)4

1 1
B(z,w) =B(w,z)=/ 271 — ) tdr (6.1.8)3
0
‘which is related to the gamma function by 4
_T@Tw)2

6
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'gamma.h 11

'The incomplete gamma function is defined by 5
Pa,x) = lﬂ“(a’)‘) ) f et @0 (62.1)4

8

P@0)=0 and P(a,00) =15 6.22)3

o
I'(a, x) 1 / e~ 11a 1t (a > 0) 3(6.2.3)5

Qa,x)=1—P(a,x) = T@ @

It has the limiting values 6
Q@0 =1 and Qa,00) =04 (6.2.4)2
2
‘There is a series development for (. x) as follows: 7
— e *x F(a) nl
y(a.x)=e Zr(a+1+n) 6.2.5)1

w
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incomplete gamma function P(a,x)

Figure 6.2.1. The incomplete gamma function P (a, x) fay four values of a.

A continued fraction development for I'(a, x) is 4

1 1—a 1 2—a 2
x+ 1+ x+ 14+ x+

I'(a,x) =e *x*° ( (x >0) ! (6.2.6)

It is computationally better to use the even part of (6.2.6), which converges twice as 3
fast (see §5.2):

1 1-(1—a) 2-(2—a) 2
x+1l—a— x+3—a— x+5—a-—

(x>0

(6.2.7)

It turns out that (6.2.5) converges rapidly for x less than about @ + 15;while2
(6.2.6) or (6.2.7) converges rapidly for x greater than about @ + 1.7In these respective
regimes each requires at most a few times +/a 4erms to converge, and this many only
near x = apwhere the incomplete gamma functions are varying most rapidly. For
moderate values of a, less than 100, say, (6.2.5) and (6.2.7) together allow evaluation
of the function for all x. An extra dividend is that we never need to compute a
function value near zero by subtracting two nearly equal numbers.

Some applications require P(a, x)and Q(a, x) for much larger values of a,1
where both the series and the continued fraction are inefficient. In this regime, how-
ever, the integrand in equation (6.2.1) falls off sharply in both directions from its
peak, within a few times /a5 An efficient procedure is to evaluate the integral di-
rectly, with a single step of high-order Gauss-Legendre quadrature (§4.6) extending
from x just far enough into the nearest tail to achieve negligible values of the inte-
grand. Actually it is “half a step,” because we need the dense abscissas only near x,
not far out on the tail where the integrand is effectively zero.

I'(a,x) =e¢ *x* (



6.2 Incomplete Gamma Function1

2 incgammabeta.h
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5
¥
C
C
bctore o e e s memerFncton e by v
‘Gamma gam; 4
_1
-3

1cgammabeta.h
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P, = P(a,1) ~ 0.253a + 0.124>, 0<ac<l12 (6.2.8)2
“and then solve for x in one or the other of the (rough) approximations: 3
P,x?, <11
Pla,x)~ ) %" o (6.2.9)3
P+ (1—=P)(l—e'%), x>1

An implementation is

5

incgammabeta.h
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'6.2.2 Error Function1
e ot e e e
erf(x) = % /0 T ePdr® (6.2.10)1
‘and 7
erfo(x) = 1 — erf(x) = —— f " ear’ (6.2.11)5
V7 Jx

‘The functions have the following limiting values and symmetries: 3

erf(0) = 0 erf(co) = 1 erf(—x) = —erf(x) 5 (6.2.12)7

erfc(0) =1  erfc(co) =0  erfe(—x) = 2 — erfe(x) (6.2.13)9
‘They are related to the incomplete gamma functions by 5
erf(x) = P (%,xZ) (x > 0) 4 (6.2.14)2
andg 1 1
erfc(x) = Q(E, x2) (x > 0) (6.2.15)3
A faster calculation takes advantage of an approximation of the form 4
erfc(z) ~ t exp[—z2 + P(1)], z>07 (6.2.16)4
‘whereg —
t= (6.2.17)6

1



6.2 Incomplete Gamma Function1
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exponential integral

Figure 6.3.1. Exponential integrals E; (x)forn = 0,1,2,3,5 sand 10, and the exponential integral
Ei(x).

CITED REFERENCES AND FURTHER READING: 2

Abramowitz, M., and Stegun, |.A. 1964, Handbook of Mathematical Functions (Washington: Na-4
tional Bureau of Standards); reprinted 1968 (New York: Dover); online athttp://www.nr.
com/aands, Chapters 6, 7, and 26.[1]

Pearson, K. (ed.) 1951, Tables of the Incomplete Gamma Function (Cambridge, UK: Cambridge 5
University Press).

6.3 Exponential Integrals:

The standard definition of the exponential integral is 2

o0 e—xt 2
E,,(x)z/1 - dt, x>0 n=01,... (6.3.1)2

The function defined by the principal value of the integral 3
oo ,—t X t 1
Bi(x) = —/ € ar =/ Cdr, x>0 632)1
 t oo !

is also called an exponential integral. Note that Ei(—x) ds related to —E;(x)by1
analytic continuation. Figure 6.3.1 plots these functions for representative values of
their parameters.
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‘The function E, (x) iy a special case of the incomplete gamma function 7
E,(x)=x"'T(1—n,x)7 (6.3.3)1

4

1 n 1 n4+1 2 6
Ep(x) =e™™ 6.3.4
n(x)=e (x+ I+ x+ 1+ x+ ) (0352
‘We use it in its more rapidly converging even form, g
_ 1 1-n 2(n 4 1) 5
E =e " 6.3.5
n(x) =e (x+n—x+n+2—x+n—|—4— ) . 4

(!
(n—1)!

m 2
Ey(x) = [lnx + ¥(n)] — Z e _ " 63.6)5

n+ 1)m!
m;énl

(o]

3
|
—_

S|~

v(l) =—y, V(n) =— 6.3.76

B
I

(&)]

B 1 X x2 (_x)n—2 1
Fn) ‘_[(1_;1) Te-m1 G-ni-2) _"'+m]
(—x)*! (=0)" | ()t
4 (n_l)![—lnx+‘ﬁ(n)]—|: 1-n! + 2-(n+1)! +]

(6.3.8)4
1

14

(6.3.9)3
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expint.h
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N

X x? 2
Ei(x) = 1 —_—F — F - 3.
i(x) =y + nx+1-1!+2‘2!+ (6.3.10) 1
‘where y is Euler’s constant. The asymptotic expansion is 3
. * 1 2! 1
E1(x)~e—(1+—+—2+---) (6.3.11)3
X X X

5 expint.h
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6.4 Incomplete Beta Function!

'The incomplete beta function is defined by 6
I.(a,b) = l;((“bb)) B b)/ I — P lde @b >0) " (6416
1t has the limiting values 9
Io@b) =0 Ii(b)=15 6.4.2)2
‘and the symmetry relation 10
Li(@.b) =1 — I_x(b.a)6 (6.43)2

‘The incomplete beta function has a series expansion 11

x4(1 Ba+1,n+1) ,.,|°
Ix(a,b) = W[”Zm ] d

x1-x)bT 1 di d» 2
S S P el e 4.
I:@.8) = 505 [1+1+1+ ] 0491
fwhere 12
d (a+m)a+b+m)x 1
2m+1 — —
(a+2m)(a +2m + 1) (64.6)3
J m(b —m)x
2m —

(a +2m—1)(a + 2m)

= W
=
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-

(0.5,5.0)

(0.5,0.5)

incomplete beta function I,(a,b)

.-
-
-
-
-

-

T T T T O A 0
0 2 4 .6 .8 1

Figure 6.4.1. The incomplete beta function I (a, b) dor five different pairs of (a, b). Notice that the
pairs (0.5, 5.0) and (5.0, 0.5) are symmetrically related as indicated in equation (6.4.3).

(a + 1)/(a + b + 2)3we can just use the symmetry relation (6.4.3) to obtain an 1
equivalent computation in which the convergence is again rapid. Our computational
strategy is thus very similar to that used in Gamma: We use the continued fraction
except when a and b are both large, in which case we do a single step of high-order
Gauss-Legendre quadrature.

Also as in Gamma, we code an inverse function using Halley’s method. When?2
a and b are both > 1jthe initial guess comes from §26.5.22 in reference [1]. When
either is less than 1, the guess comes from first crudely approximating

1 1/ a \* 1( b \° 2
a1 — b= lgs ~ — + — = 4.
/0 t“7 (1 —1)° dt p (a b) b (a b) S (6.4.7)2

which comes from breaking the integral at # = a/(a + b).and ignoring one factor in 4
the integrand on each side of the break. We then write

x%/(Sa) x<a/(a+b)!

(1-x)?/(Sh) x >a/(a+ b) (6.4.8)1

Ix(a,b) ~ {

and solve for x in the respective regimes. While crude, this is good enough to get3
well within the basin of convergence in all cases.
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6.5 Bessel Functions of Integer Order!

Jy(x)cos(vmr) — J_,(x) 5

Yo(x) = sin(vr)

(6.5.2)3

1 1\’ 4
Jy(x) ~ (—x) v=>0

rbv+1\2
Yo(x) ~ %ln(x) (6.5.3)5

Yy (x) ~ —w(%x)_v v>0

|
w

[ 2 1 1 \3
Jy(x) ~ Ecos(x—zvn—zn)
2 . 1 1
Y, (x) ~ Esm X—oVw— oW

(6.5.4)4

]

21/3 1 0.4473 1

J ~ ~
v(v) 32/31"(§) vE HVE

(6.5.5)2
Yo) 21/3 1 0.7748
v 31/6T(2) v1/3 v1/3
4
“The Bessel functions satisfy the recurrence relations 8
2n

D1 (@) = Za@) = Jo1 () (6.5.6)1
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Figure 6.5.1. Bessel functions Jo(x) flough J3(x) a®l Yo (x) through Y2 (x).13
and 5

2 1
Yop1(x) = 7”Yn(x) Y (%) 6.5.7)3

As already mentioned in §5.4, only the second of these, (6.5.7), is stable in the di- 1
rection of increasing n for x < n5The reason that (6.5.6) is unstable in the direction
of increasing # is simply that it is the same recurrence as (6.5.7): A small amount of
“polluting” Y, iritroduced by roundoff error will quickly come to swamp the desired
Jnsaccording to equation (6.5.3).

A practical strategy for computing the Bessel functions of integer order divides 3
into two tasks: first, how to compute Jy,’7;, ¥y.”and Y7 ;land second, how to use the
recurrence relations stably to find other J’s and Y ’s.| We treat the first task first.

For x between zero and some arbitrary value (we will use the value 8), approx- 2
imate Jo(x) and J; (x) by rational functions in x. Likewise approximate by rational
functions the “regular part” of Yo(x) and Y; (x)/defined as

2 2 172
Yo(x) = ~Jo(@)In(x)  and Yl(x)—;[Jl(x)ln(x)—;] (6.5.8)2

For 8 < x < oouse the approximating forms (n = 0, 1)«

Jn(x) = \/Z [Pn (§) cos(X,) — On (§) sin(Xn)] ‘ (6.5.9)4
X X X
Yu(x) = \/g [Pn (%) sin(Xy) + On (%) cos(Xn)] 0 (6.5.10)1
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2n+1 2
b1d

Xpn =% — (6.5.11)1

4

1

r(x?) 1

Jo() = (2 —x? =) s

(6.5.12)3
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S

bessel.h

= ]

N

(2} .
\l
w

(o]
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1

In(x) —( 1)" Ju(ix)
Kn(x) n+1[Jn(lx) F lYn(lx)]

(6.5.13)1

4

P ot e o
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1
In(x) ~ 5 exp(x)
n’”‘ 6.5.15)2
Kn(x) ~ exp(—x)
27 x

bessel.h
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modified Bessel functions

Figure 6.5.2. Modified Bessel functions - Through -,@nd - through - g
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Int1(x) = — (Zx_n) Iy(x) + In—1(x) .

o (6.5.16)3
Kynt1(x) = + (7) Ku(x) + Ky—1(x)

e e A

_1
1= Io(x) = 205(x) + 214(x) — 2Ig(x) + -2 (6.5.17)2

In fact, we prefer simply to normalize with a call to 10.3

-5
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cuing e oy ot o o € oy Bt o

CITED REFERENCES AND FURTHER READING: 3

6.6 Bessel Functions of Fractional Order, Airy?
Functions, Spherical Bessel Functions

_3

6.6.1 Ordinary Bessel Functions1

2
/ / 2 2
W=JY -Y,J =— 6.6.1)3
X
The first continued fraction, CF1, is defined by 5
f = J) Jy+1 1
v=E o = T —

(6.6.2)1
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NI

J) +iY) 1 +_+i (1/2)%2 —v% (3/2)2 — 12
—_— = —— 1 — e
Jy +iYy 2x X 2(x +i)+ 2(x+2i)+

ptiqg= (6.6.3)7

1

Jy = abitrary,  J, = f,Jy.6 6.64)6
_4
Jy—1 = %Jv aF J,f, S

/ o 6.65)3
Jv—l = X Jv—l - Jv
B e L D O P L e
. %4 (6.6.6)5
[Then11
Jy=+4(—" 6.6.7)8
. (q +y(p— fu))
TS 33 66.8)10
Y = ydy 32 (6.69)11
Y, =Y, (p + 1)7 (6.6.10) 4

14

8

2v
Yo41 = ;Yv = Wil (6.6.11)2

[E=Y
o

Y, = 2¥, — Yy13 (6.6.12)1
5

‘
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w

w 5

Jp=o—— (6.6.13)1

Y =Y fu
R e e A e SR e ¢

‘Temme’s series are 7
Yo==3 g Yoy1=-7) ch (6.6.14)
k=0 k=0
Here g
_(=x2/ak 4

o (6.6.15)3

5

o
|

gk = Jfx t %Sinz (%) qk d

hi = —kgr + pk

_ Pk-1
PE=0%"y (6.6.16) 4
k-1
= k+v
fo = kfk—1 + Pk—1 + k-1
k= k2 — 2
‘The initial values for the recurrences are G
1 /x\—V 1
po=— (3) ra+w
1 /x\v
q0=— (5) r'—v) 6.6.17)6
5 .
== .WT coshoT'1(v) + sinh.o In 2 2 (v)
T SInvmw o X
Iwithg
o=vin (z) 6
X
1 1 1
L) = - 6.
1(v) 2v[F(1—v) 1"(1+v)] (6.6.18)5
1 1 1
o) = =
20 =5 [I‘(l —v " Ta +v)]
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" The routines assume v > 0..For negative v you can use the reflection formulas 2

J—y =cosvm Jy —sinvr ¥y | (6.6.19)2

Y_, =sinvw J, + cosvr Yy,

besselfrac.h
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“The code listing for Bessel: : besseljy is in a Webnote [4]. 6
6.6.2 Modified Bessel Functions1

'The Wronskian relation is g
W =LK, — K1} = —% 4 (6.620)3
‘The continued fraction CF1 becomes 5
v 1 1 1
L i YOS |y Y e 66203
o contht bypepeomente o o i comeintfomm,consderthe sedence 3
zn(x)=UW +1/2+n,2v+1,2x) 5 (6.6.22) 6
“for fixed v. Then7
Ky(x) = 7'/2(2x) e ¥ zo(x) 2 (6.6.23)7
Koial) 17 1 z_ Lhal
TR |:v +5 o+t (v s (6.6.24)9
1
Zn—1(X) = bpzp(x) + an+1zn+16 (6.6.25) 4
Iwith g
bn =2(n + x) 7 —
ant1 = —[(n +1/2)* 7] h
Following the steps leading to equation (5.4.18), we get the continued fraction CF2 4
a_ 1 4 3 6.627)5

Zo b1+ bt
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13
oS 1 v+1/2 5
Z Cpzp = (E) 6.6.28)8
n=0
‘where g
D*PTw+1/24n)7
— 6.6.29
Cn n! T(w+1/2—n) ( )7
‘Note that the Cy,’s ¢an be determined by recursion: 4
a
Co=1  Cpy1= _n":c,, 9 (6.6.30)5
'We use the condition (6.6.28) by finding 6
00 Zn 8
§ = Z o= (6.6.31)10
Z0
n=1
[Then 11
1 v+1/2 1 6 —
20 = (a) T+s (66329
1
o0
4
LN Ahg (6.6.33)6
Z0 n=0
e s ot s e e e o
N 2
SN =) Qulhy (6.6.34)3
n=1
[Here 10
n
3
On =Y Ckar (6.6.35)1
k=1
‘and g, isfound by recursion from 7
Ak+1 = (Qk—1 — brar)/ak+110 (6.6.36) 4

e St g o e Y o D o e

‘To find Ky and K1 for small x we use series analogous to (6.6.14): 12

Kv=3 ccfic  Kepr=—) cchi (6.637)2
k=0 k=0
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Here 10
_ Pk 3
k=R
hg = —kfx + px
_ Pk—1
I — (6.6.38)3
_ Yk—1
T = k+v
fo= kfi—1 + Pk—1 + k-1
k= 72 — o
'The initial values for the recurrences are 7
1 /x\—v 2
po = E(E) ra+v)
1 /x\V
Gw0=7 (5) r(—v) (6.6.39) 1
inh 2
fo= 'vn [coshoI‘l(v) + S In (—) Fz(\))]
smmvimw o X

_2
‘The routine assumes v = 0./For negative v use the reflection formulas

2
I—v = Iv 4F _Sin(vﬂ) Kv 1
s

(6.6.40)5
K—v = Kv

1
1

o e e e

“The code listing for Bessel: :besselik is in a Webnote [4]. g
6.6.3 Airy Functions1

s o iy o e g i
Ai(x) = %@Kl /3(2) 14 (6.6.41)4
Bi(x) = @[11/3(2) + 1150 ° 6.642)2
B - §x3/2 ° (6.643)6
e -
Bi(x) = V& [%11/3(2) + %Kl/a(z)]“ (6.6:44)7

5o that Ai and Bi can be evaluated with a single call to besselik.5
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LA L L L L L L I L L ) BN LA . L B B B L

Ai(x) i

Airy functions

o b b b b b by R BRI B
-1 -6 -5 -4 -3 -2 -1 0 1 2 3

X

Figure 6.6.1. Airy functions Ai(x) and Bi(x).1

The derivatives should not be evaluated by simply differentiating the above expressions 1
because of possible subtraction errors near x = 0.Instead, use the equivalent expressions

AV (x) = —ﬂiﬁm(z) L
) 1 (6.645)2
Bi'(x) = x [%12/3(2) * ;K2/3(Z)}

The corresponding formulas for negative arguments are 2

aiex) = L [yse)- 22|

NE
Bi(—x) = - Y~ [ih/s(z) + Y1/3<z)]
2 Lv3 1 (6.6.46)3
Al (—x) = % |:Jz/3(2) + EYZB(Z)}
Bl = 3| 2= )|

besselfrac.n 3 void Bessel::airy(const Doub x) {
Sets aio, bio, aipo, and bipo, respectively, to the Airy functions Ai(x), Bi(x) and their
derivatives Ai’(x), Bi’(x).
static const Doub PI=3.141592653589793238,
ONOVRT=0.577350269189626 ,THR=1./3. ,TWOTHR=2.*THR;
Doub absx,rootx,z;
absx=abs(x) ;
rootx=sqrt (absx) ;
z=TWOTHR*absx*rootx;
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=20 a0
) = 27 1)

(6.647)3

5 besselfrac.h
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CITED REFERENCES AND FURTHER READING: 2

6.7 Spherical Harmonics1

2w 1
[ [ dos 0¥y 6.8)Yin.0) =Sbm @702
0 =

‘Here the asterisk denotes complex conjugation. 3
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Mathematically, the spherical harmonics are related to associated Legendre5
polynomials by the equation

2+t -my o~
Y1,(0,0) = yr—T m)!Pl (cosB)e (6.7.2)
By using the relation 8
Yi,-m(0,9) = (=1)"Y},,(0,¢) 4 (6.7.3)

we can always relate a spherical harmonic to an associated Legendre polynomial 3
with m > 0.7With x = cos 0 sthese are defined in terms of the ordinary Legendre
polynomials (cf. §4.6 and §5.4) by

m
P"(x) = (=)™ (1 — x>/ 2a’—P, (x) : (6.7.4)
dxm
Be careful: There are alternative normalizations for the associated Legendre polyno- 4
mials and alternative sign conventions.
The first few associated Legendre polynomials, and their corresponding nor- 7
malized spherical harmonics, are

5
Pi(x)= 1 Yoo = \/%

¥4
Pl(x)= —(1- x2)1/2 Yan = =4 % sin fe’?
Pl(x)= «x Y10 = %cos@
6.7.5)
PZ(x) = 3(1—x?) Yoo = 1/22 sin? 0e'?
P)(x) = =3(1 — x2)12x Yo = — é—ft sin O cos He'®
Pl(x)= 13x*-1) Yoo = /=(Zcos’6-1)

There are many bad ways to evaluate associated Legendre polynomials numer- 6
ically. For example, there are explicit expressions, such as

=P —|—m)!(1 —xz)m/2|:1 B (l—m)(m+1+1) (1 —x) 1
2mm!(l —m)! I!'(m + 1) 2

(I—m)l—m—=D)(m+1+D)m+1+2) (1—x)>
+ 20(m + D(m + 2) ( 2 ) _}

P"(x) =

(6.7.6)

where the polynomial continues up through the term in (1 — x)’ = 5(See [1] for this 1
and related formulas.) This is not a satisfactory method because evaluation of the
polynomial involves delicate cancellations between successive terms, which alter-
nate in sign. For large /, the individual terms in the polynomial become very much
larger than their sum, and all accuracy is lost.

In practice, (6.7.6) can be used only in single precision (32-bit) for / up to 62
or 8, and in double precision (64-bit) for / up to 15 or 18, depending on the preci-
sion required for the answer. A more robust computational procedure is therefore
desirable, as follows.



plegendre.h
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(l=—mP"=x2lL-1DP", —(I+m—-1)P" 4 6.7.7)1
l -1 -2
1

- 20+1(0-m) 3
m=‘/— P" 6.7.8)4
F 4 (I +m) ! ©78)

6
1
~ 412 -1 | =~ [ =12 —m?
5
Pm = (—pm 2m =+ 1 @m — N (1 — x?)™/? ’ (6.7.10)2
m 47 (2m)! h o

PM | =x2m +3P"5 (6.7.11)5

3
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4 plegendre.h

3
[—i—l
F6i.6) =Y > aimYim(6i.9))
’l=° ":n==‘l’ (6.7.12)2

= Z Z almfl”’(cos 6;)e' ™

=0 m=-1
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lmax ) lmax lmax 4
Z Z PEIN Z Z (6.7.13) 4
=0 m=-—I m=—ln. [=|m|
“so that
Lnax -2
O ¢) = am(B)e™? (6.7.14)6
m=—lnax
‘where 7
Linax _ 1
gm(0:) = Y aim P/ (cos 6;) (6.7.15)5
1=|m]|

Aim = / sinf do dg f(6, ¢)e™™® P" (cos 0) ! (6.7.16) 1

5

aim =Y _w(6;) f(0;.¢;)e”"™ P[*(cos 6;) 3 (6.7.17)7

i,j

gm(0;) = Z (i, pj)e”™95 5 (6.7.18)3
j

am = ) w(6;)gm(6:) P} (cos 67) © (6.7.19)2
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CITED REFERENCES AND FURTHER READING: 3

6.8 Fresnel Integrals, Cosine and Sine'
Integrals

6.8.1 Fresnel Integrals?2

‘The two Fresnel integrals are defined by 11
X X
_ T 2 _ . (T o 1
C(x)—/(; cos(zt )dt, S(x)—/(; sm(2t )dt (6.8.1)1
‘and are plotted in Figure 6.8.1.14
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Figure 6.8.1. Fresnel integrals C(x) and S(x) (§6.8), and Dawson’s integral F (x) (§6.9).

The most convenient way of evaluating these functions to arbitrary precision is3
to use power series for small x and a continued fraction for large x. The series are

5 9
C(x)—x—(%) — +(2)49x4' 2

11
S(x) = ( )3 I ( ) T (Z)S 1)16-5!_"'

There is a complex continued fraction that yields both S'(x) and C(x) gimulta- 2

(6.8.2)4

neously:
|4+
C(x)+iS(x) = -2|_l erfz, 7z = g(l —1)x ? (6.8.3)2
where 5
2 1 ( 1 1/2 1 3/2 2 ) 1
e’ erfcz = —
Jr\z+ z+ z4+ z+ z+

(6.8.4)3

2z 1 1-2 3-4
B f(222+1— 222 45— 2224+9— )
In the last line we have converted the “standard” form of the continued fraction to1
its “even” form (see §5.2), which converges twice as fast. We must be careful not
to evaluate the alternating series (6.8.2) at too large a value of x; inspection of the
terms shows that x = 1.5 is a good point to switch over to the continued fraction.
Note that for large x 4

1 1 m o, 1 1 T ,\4
C(X)NE—FESIH(EX ), S(x)wi—gcos (Ex) (6.8.5)1
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Figure 6.8.2. Sine and cosine integrals Si(x) and Ci(x). |
6.8.2 Cosine and Sine Integrals1
‘The cosine and sine integrals are defined by 3
Ycost—1 1
Ci(x)=y+lnx+/ 7dt
0 (6.8.6)3

L
Si(x)=/ L
0 1

et p e e— et i
Si(—x) = —Si(x).  Ci(—x) = Ci(x) —in 2 68.7)1

‘Once again we can evaluate these functions by a judicious combination of power 2
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“series and complex continued fraction. The series are 3

3 5 2
Si(x)=x_%+%_...
T 4 (6.8.8)2
. X x
C1(x)—y+1nx+(—ﬁ+m_...)
‘The continued fraction for the exponential integral Ey (ix) is 2
Eq(ix) = —Ci(x) + i[Si(x) — /2] 1
(1 1 1 2 2
—e ooc
ix+ 14+ ix+ 14+ ix+ (6.8.9)3

_ i 1 12 22
B 1+ix— 3+ix— 5+ix—

Complex cisi(const Doub x) {

static const Int MAXIT=100; Maximum number of iterations allowed.
static const Doub EULER=0.577215664901533, PIBY2=1.570796326794897,
TMIN=2.0, EPS=numeric_limits<Doub>::epsilon(),
FPMIN=numeric_limits<Doub>: :min()*4.0,
BIG=numeric_limits<Doub>: :max()*EPS;

cisi.h
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‘Dawson’s Integral F(x) is defined by 2

X
F(x) = e / e drt 6.9.1)2

0
s

F(z) = #e‘zz [1 —erfc(—iz)]. ? (6.9.2)3
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| e 2
F(z) = lim — - 6.9.3
@ hl—rﬁ) JT nz()d:d n ( 1

e—(x’—n’h)2 1

N
n'==N"} odd

-

e—(x’—n’h)2 _ e_x/2e_(n/h)2 (e2x/h)n, 3 (695)4

dawson.h
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'6.10 Generalized Fermi-Dirac Integrals:

'The generalized Fermi-Dirac integral is defined as 4
o xk(1+1ox)t/2 2
Y A i 6.10.1
R0 = [ R s (6.10.1)3

i S

1 1
HRPD= ﬁe"el/em (5) B 1 (6.10.2)
- .10.2)2
Fija(7,0) — 1 n3/2y\/1+y2_smh ly -
’ 2V2 VT+y2-132 ~
‘Here y is defined by 6
1+y2=(1+176)23 (6.10.3)1

It is the middle range of 7 values that is difficult to handle. 5

_2
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Trapzd<Fermi> s(*this,a,b);

for declaring a Trapzd object inside the Fermi object itself.

5 fermi.h

Doub Fermi::val(const Doub k, const Doub eta, const Doub theta)

i
w
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Figure 6.11.1. The function x log(x) is shown for 0 < x < 1.0Although nearly invisible, an essential
singularity at x = 0 magkes this function tricky to invert.

6.11 Inverse of the Function x log(x):

The function 6
y(x) = xlog(x) 3 (6.11.1)3

and its inverse function x () cecur in a number of statistical and information theo- 1
retical contexts. Obviously y(x) is nonsingular for all positive x, and easy to eval-
uate. For x between 0 and 1, it is negative, with a single minimum at (x,y) =5
(e~!', —e~1)4 The function has the value 0 at x = 1gand it has the value 0 as its limit
at x = 0,since the linear factor x easily dominates the singular logarithm.

Computing the inverse function x(y) is, however, not so easy. (We will need 2
this inverse in §6.14.12.) From the appearance of Figure 6.11.1, it might seem easy
to invert the function on its left branch, that is, return a value x between 0 and e~!11
for every value y between 0 and —e ! 1 However, the lurking logarithmic singularity
at x = 0 causes difficulties for many methods that you might try.

Polynomial fits work well over any range of y that is less than a decade or3
so (e.g., from 0.01 to 0.1), but fail badly if you demand high fractional precision
extending all the way to y = 05

What about Newton’s method? We write 4

Sf(x) = xlog(x) —y1

6.11.2)2
F100) = 1+ log(x) 12
giving the iteration 5
x;log(x;) —y 2
= — ==t 2 6.11.3
Sl = ) 61131
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esion af Newr's . Fo gl oY S0

u = log(x), x=e"6 (6.11.4)5
‘Newton’s method in u looks like this: 8
flu) =ue* —y 2
/ — u
S @) =1+ ue 6.11.5)6
R e
i+1 — %i 1+ui

‘But it turns out that iteration (6.11.5) is no better than (6.11.3).6

(=y) = (-u)e"7 (6.11.6)7
(with u as defined above) and take logarithms, giving 7
log(—y) = u + log(~u) 5 (6.11.7)3
‘This leads to the Newton formulas, 9
f () = u +log(—u) — log(—y) 1
£ == : 1 6.11.8)1

u.
woen' ()]

3
yx—e ) =—1 4+ %e(x —eH24...3 (6.11.9)4

‘which yields 10
x~e = 2e l(y+e )4 (6.11.10)2

_4
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4 ksdist.h

Elliptic integrals occur in many applications, because any integral of the form3
2
/ R(,s) dt (6.12.1)3

2

* dt 1
1 =[ (6.12.2)2
y /(a1 + bit)(az + bat)(az + bst)(as + bat)
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Carlson [3] has given a new definition of a standard elliptic integral of the first kind, 10

1/00 dt 2
2Jo e +x)(0+y)@+2)

Rp(x,y,z) = (6.12.3)

where x, y, and z are nonnegative and at most one is zero. By standardizing the range of 1
integration, he retains permutation symmetry for the zeros. (Weierstrass’ canonical form also
has this property.) Carlson first shows that when x or y is a zero of the quartic in (6.12.2), the
integral /1 can be written in terms of R g in a form that is symmetric under permutation of the
remaining three zeros. In the general case, when neither x nor y is a zero, two such R g func-
tions can be combined into a single one by an addition theorem, leading to the fundamental
formula

I =2Rp (UL, UL, UE) 5 (6.12.4)

where 12
Uij =(X,~XijYm+Y,-YijXm)/(x—y) 4 (6.12.5)
Xi = (a; +b;0)V2, Y, =(a; +biy)Y? (6.12.6)

and i, j, k, m is any permutation of 1,2, 3, 4. A short-cut in evaluating these expressions is 9

Uy = U, — (a1ba — asby)(azbs — azbs) 3

; 5 (6.12.7)
Uiy = Ui, — (a1b3 — azby)(azbs — asbs)
The U’s correspond to the three ways of pairing the four zeros, and /; is, thus manifestly 5
symmetric under permutation of the zeros. Equation (6.12.4) therefore reproduces all 16 cases
when one limit is a zero, and also includes the cases when neither limit is a zero.

Thus Carlson’s function allows arbitrary ranges of integration and arbitrary positions of 3
the branch points of the integrand relative to the interval of integration. To handle elliptic
integrals of the second and third kinds, Carlson defines the standard integral of the third kind
as

3 [ dt 1
Ry(x.y.z.p) = —f (6.12.8)
2Jo t+p)JE+x)@+y)t+2)
which is symmetric in x, y, and z. The degenerate case when two arguments are equal is7
denoted
Rp(x.y.2) = Ry(x.y.2.2) 7 (6.12.9)

and is symmetric in x and y. The function Rp replaces Legendre’s integral of the second 6
kind. The degenerate form of R g isidenoted

Rc(x,y) = Rp(x,y,Y) 6 (6.12.10)

It embraces logarithmic, inverse circular, and inverse hyperbolic functions. 11

Carlson [4-7] gives integral tables in terms of the exponents of the linear factors of the 4
quartic in (6.12.1). For example, the integral where the exponents are (%,%,—%,—%)&an be
expressed as a single integral in terms of R p it accounts for 144 separate cases in Gradshteyn
and Ryzhik [2]!

Refer to Carlson’s papers [3-8] for some of the practical details in reducing elliptic inte- 8
grals to his standard forms, such as handling complex-conjugate zeros.

Turn now to the numerical evaluation of elliptic integrals. The traditional methods [9]2
are Gauss or Landen transformations. Descending transformations decrease the modulus k of
the Legendre integrals toward zero, and increasing transformations increase it toward unity.
In these limits the functions have simple analytic expressions. While these methods con-
verge quadratically and are quite satisfactory for integrals of the first and second kinds, they
generally lead to loss of significant figures in certain regimes for integrals of the third kind.
Carlson’s algorithms [10,11], by contrast, provide a unified method for all three kinds with no
significant cancellations.
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The key ingredient in these algorithms is the duplication theorem: 6

Rp(x,y,z2) =2Rp(x+A,y+A,z4+1) 1

_R X+A y+A z+2 (6.12.11) 1
TUF\Ty Ty T
where Q
A=Y+ (x)V? + (y2)V/27 (6.12.12)5

This theorem can be proved by a simple change of variable of integration [12]. Equation 3
(6.12.11) is iterated until the arguments of R g afe nearly equal. For equal arguments we have

Rp(x,x,x)=x"1/28 6.12.13) 4

When the arguments are close enough, the function is evaluated from a fixed Taylor expansion 1
about (6.12.13) through fifth-order terms. While the iterative part of the algorithm is only
linearly convergent, the error ultimately decreases by a factor of 4% = 4096 for each iteration.
Typically only two or three iterations are required, perhaps six or seven if the initial values of
the arguments have huge ratios. We list the algorithm for R r ‘here, and refer you to Carlson’s
paper [10] for the other cases.

Stage 1: Forn =0, 1,2, .. .iIcompute 12

Un = (Xn +yn +2zn)/3 0
Xn=1=CGn/itn), Yn=1=On/ttn). Zn=1-(zn/1tn)
max (| Xp|. |Yal, [ Zn])

€n

If €4 < tol, g to Stage 2; else compute 5

An = (xnyn)l/2 + (ann)l/z + (Ynzn)l/z 3
Xn+1 = (xn +An)/4, Ynt1 = n +An)/4  zZnt+1 = (2n + An)/4

and repeat this stage. 7
Stage 2: Compute 11
Ey = XuYy —Z2, E3z = XpnYnZy 4
Rp=(1—{5E+ B3+ 4 EZ - 4—3415253)/(lhz)1/2

In some applications the argument p in Ry orthe argument y in R¢ isnegative, and the 2
Cauchy principal value of the integral is required. This is easily handled by using the formulas

Ry(x,y.z,p) = 9
[(v —y)Ry(x,y.2,y) —=3RFp (x.y,2) + 3Rc(xz/y. py/¥)/(y — P)
(6.12.14) 7
where 10
N ) [ )1 (6.12.15) >
y=pr
is positive if p is negative, and g
X 10 2

Rt = (755) Retr=y.-») (61216)3

The Cauchy principal value of R has a zero at some value of p < 0,550 (6.12.14) will give 4
some loss of significant figures near the zero.
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| -

F(o, k _ (6.12.17)3
@.5) = 0 1 —k2sin% 0

‘The complete elliptic integral of the first kind is given by 2

K(k) = F(/2,k) 2 (6.12.18)2
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‘In terms of Rp /4
F(¢.k) = singRp(cos> ¢, 1 —kZsin® ¢, 1) 3

i (6.12.19)3
K(k) = Rp(0.1—k.1)

[N

¢ 1
E(¢p.k) = / V1 —k2sin?6 do
0
= sin@Rp(cos® ¢, 1 — k2 sin® ¢, 1) (6.12.20) 2
— %kz sin® gRp (cos? ¢, 1 — k2 sin? ¢, 1)
E(k) = E(n/2.k) = Rp(0,1—k* 1) — 2k*Rp (0.1 — k>, 1)

‘Finally, the Legendre elliptic integral of the third kind is 3
¢ do 2
TI( ,n,k)E/
¢ o (1+nsin>0)vV1—k2sin*0

(6.12.21)4

= singRp (cos®> ¢, 1 —k?sin® ¢, 1)
— %n sin® gR 7 (cos® ¢, 1 — k?sin® ¢, 1,1 + n sin® ¢)

6 elliptint.h

Doub elle(const Doub phi, const Doub ak) { elliptint.h
Legendre elliptic integral of the second kind E (¢, k), evaluated using Carlson’s functions Rp
and Rr. The argument ranges are 0 < ¢ < /2, 0 < ksing < 1.

Doub cc,q,s;

s=sin(phi);

cc=SQR(cos(phi));

q=(1.0-s*ak)*(1.0+s*ak) ;

return s*(rf(cc,q,1.0)-(SQR(s*ak))*rd(cc,q,1.0)/3.0);

_7
}

5 elliptint.h
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Carlson’s functions are homogeneous of degree —4 and —3,%50 5
Rr(Ax,Ay,Az) = A"V2Rp(x,y,2) 2
Ry(Ax, Ay, Az, Ap) = A32Ry(x, y.z., p)

_1

(6.12.22)1

'6.12.1 Jacobian Elliptic Functions1
3
u(y.k) =u = F(p.k)4 (6.12.23)3
“consider the inverse function 6
y =sin¢g = sn(u, k)5 (6.12.24)2
‘Equivalently. 7 .
u = /0 = y2)2}1 == : (6.12.25)4
‘When k = 0,7sn is just sin. The functions cn and dn are defined by the relations 4
sn?> +cn?® =1, k%sn? 4+ dn? =13 (6.12.26)6

_2
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12
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6.13 Hypergeometric Functions?

L ab z  a(a+ 1)b(b +1) z? 1
2Fi(a,b,c;z) —1+71—!+ Y 5
+a(a+1)...(a+j—1)b(b+1)...(b+j—1)z_j
clc+1)...(c+j—1) Jj!
(6.13.1)2
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[e]

6.14 Statistical Functions!

6.14.1 Normal (Gaussian) Distribution?2

x ~N(u, o), o>0 1
(x) = 1 ox (_1 [x — M]Z) (6.14.1)3
P = s TP\ T2l

_ _ [ ’ /_1 _L x—pu1\2
cdf = P(< x)=/°°p(x )dx' = 2erfc( ﬁ[ 5 ]) (6.14.2)2

‘The inverse cdf can thus be calculated in terms of the inverse of erfc.6

x(P) = u—+20erfc™!(2P) 3 (6.14.3)1

“The following structure implements the above relations. 7
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0.5 e
i N(0,1) ]
I . Student(6,0,1) ———-
[ ;o\ Student(4,0,1) - --- ]
04 / \ Cauchy(0,1) -------- i

L AN Logistic(0,1) —-—- |

probability density p(x)

Figure 6.14.1. Examples of centrally peaked distributions that are symmetric on the real line. Any of |
these can substitute for the normal distribution either as an approximation or in applications such as
robust estimation. They differ largely in the decay rate of their tails.

erf.h
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5

X ~ Cauchy(;,L,cr), oc>01

— w2\t (6.14.4)3
p == (14 [4T)
‘The cdf is given by 6
* N, ., 11 X — N2
cdf = P(< x) = / p(x"dx" = 3 + ;arctan (T) (6.14.5)2
“The inverse cdf is given by4
x(P) = pu + otan zr[P 3 (6.14.6)4
‘The Cauchy distribution is sometimes called the Lorentzian distribution.7
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6.14.3 Student-t Distribution 1

t ~ Student(v, u,0), v>0,0>0 1
1
r(i + 1)) L Te—pt?) 20 (6.14.7)5
py=—2—— (14| =
L(Gv)/vro v o

5

|

Var{Student(v, 1.0)} = ——— 0’ > (6.14.8)1

8

| =
N

= (6.14.9)3
v+ (54
Ithen 10
t 1y lv, 1 , t<u?
cdf = P(< 1) E/ p(hdt = {2 x(lz %) . =K (6.14.10)2
—00 1—51x(51), 5), t > U

+t
A(tlv)E/ p()dt =1—I:(3v, %)3 (6.14.11)1

—t
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1cgammabeta.h

4

-y ey

e 1
)= ter)? (+e)2 Zsech® (1y) (6.14.12)2
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5

x ~ Logistic(u, o), o>0 4
— 6.14.13)3
p(x) = a sech? ( T [x ,u]) . d
4+/30 230 o

6

X

-1
p(xdx' = [1 + exp (—% [x ; M])] ’ (6.14.14)4

cdeP(<x)E/

—00

4

1
xX(P)=pn+ ?O’ log (%) (6.14.15)5

7 distributions.h

u = log (L) 3 (6.14.16)2
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0.7
06 F ! ]
05 r '._'1:(10,4) b
AW
o
04 FiN % h
[ \Exp‘onential(O.S)

\

probability density p(x)

Figure 6.14.2. Examples of common distributions on the half-line x > 0.9

Another cousin is the logistic equation, 4

d 1
d—f o Y Vs — ) (6.14.17)2

a differential equation describing the growth of some quantity y, starting off as an3
exponential but reaching, asymptotically, a value ../ The solution of this equation
is identical, up to a scaling, to the cdf of the logistic distribution.

6.14.5 Exponential Distribution 1

With the exponential distribution we now turn to common distribution functions 1
defined on the positive real axis x > 0.3Figure 6.14.2 shows examples of several of
the distributions that we will discuss. The exponential is the simplest of them all. It
has a parameter § that can control its width (in inverse relationship), but its mode is
always at zero:

x ~ Exponential(f), B>02

6.14.18)3
p() = fexp(—Bx), x>0 (1518
cdf = P(< x) = /x p(x")dx" = 1 —exp(—Bx) ° (6.14.19)1
0
x(P) = —% log(1— P)° (6.14.20)4

The mean and standard deviation of the exponential distribution are both 1/ 2
The median is log(2)/p./Reference [1] has more to say about the exponential distri-
bution than you would ever think possible.
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distributions.h

hazard = 2% & constant . (6.14.21)4

P> x)

o x4, a>0 (6.14.22)2

o
4
x ~ Weibull(«, ) iff y = (—) ~ Exponential (1) (6.14.23)3

a—1 3
p(x) = (g) (5) e OB x>0 (6.14.24)1



32810 Chapter 6. Special Functions9

‘The cdf is 10
cdf = P(< x) = / ’ p(xdx' =1— /B> (6.14.25)1
0
‘The inverse cdf is 9
x(P) = B[—log(l — P)V/*7 (6.14.26)8
13
1
‘The mean and variance are given by 7
p=pBT0+a™) 4
142
0 = p2{r(1+ 207 - [P + )]} (18202
_ opx)  fa)(x a1)
hazard = — —— (E) (E) (6.14.28)5

6.14.7 Lognormal Distribution 1

xi(1 +¢€)  with probability 0.5 1

Xi41 = 6.14.29)4
LT )X /(1 +€)  with probability 0.5 ¢ 4
‘Here € is some small, fixed, constant. 6
“These considerations motivate the definition 11
1 —
x ~Lognormal(y, )  iff u = % ~NO,1)° (6143006
“or the equivalent definition 8
x ~ Lognormal(u, o), o>0
1 1[1 —un7? 16 6.14.31)7
p(x) = exp [ —+ [ og(x) u] x>0 ( )
V2mox 2 o

ool ogn e ponental The denty i3

o spae. Rt ST 08 £ pac, they e s
1

Mean{Lognormal(y,0)} = e* +30° 6

(6.14.32)3
Var{Lognormal(i,0)} = e?* o’ (e"2 —1)
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The cdfis given by 4

cdf = P(<x) = /Ox p(x"dx' = 1erfc( «}f [%]) . (6.14.33)2

‘The inverse to the cdf involves the inverse complementary error function, 3

x(P) = explu — V20 erfc™' (2P)] 3 (6.14.34) 4
-5 |
-1

S(r) ~ S(0) x Lognormal (rt — 10?7, 64/7)2 (6.14.35)1
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'6.14.8 Chi-Square Distribution 1
_2

‘The defining probability density is &

%% ~ Chisquare(v), v>0 !
1
e —(12)2,) lexp(—i2)dp?.  g2>0 (614363
22T (3v)

I o

‘The mean and variance are given by 7

Mean{Chisquare(v)} = v 3 (6.14.37)2
Var{Chisquare(v)} = 2v o

‘When v = 2 there is a single mode at y* = v — 2.8
s s o o v oy ot i A R

X2 v XZ 2
cdf = P(< %) = P(x*|v) = f p(*dy* = P (—,—) (6.14.38)4

_7

Q(XIV)—I—P(xln)—l—P(§,7 95,7) (6.1439)5

onts o e, whih e e denos Pttt

x(P) = 2P (2 P) (6.14.40) 1

B - 9
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'6.14.9 Gamma Distribution 1
‘The gamma distribution is defined by 3

x ~ Gamma(e, f), a>0,>03

@ 6.14.41)2
p(x) = —'3 x“_le_ﬁx, x>0 ( )

T'(x)

Gon iy il A SRR
'The mean and variance are given by, 4

Mean{Gamma(a, B)} = o/B 4
Var{Gamma(, f)} = a/B>

‘When o > lahere is a single mode at x = (¢ — 1)/.5
‘Evidently, the cdf is the incomplete gamma function 6

cdf = P(< x) = /x p(x")dx' = P (a, Bx) ! (6.14.43)4
0

i man i

X(P) = %P‘l (@ P)° (6.14.44)5

(6.14.42) 3

incgammabeta.h
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'6.14.10 F-Distribution 1

‘The defining probability density is 9

F ~ F(l)l,V2), V], > 0, Vy > 0 2

1 1
2V1 272 Favi-l (6.14.45)4

vE o
Fy=—L 2 . F>0
p( ) B(%Ul, %VZ) (‘)2 + vlF)(v1+vz)/2

‘where B(a, b) denotes the beta function. The mean and variance are given by 6

Mean{F(v1,v2)} = ) - 2’ vy > 2 4
Var{E (L, va)} = 203(v1 + 12 —2) L (6.14.46)5
P T (0 =22 (v — 4) 2
‘When v; > 2 there is a single mode at 7
va(v1 —2) 5
T (1 2) 6.14.47
vi(v2 +2) ( )3
2
lim F(vq,vz) = —Chisquare(vy) (6.14.48)7
V2 —>00 V1
8

X
3
cdf = P(< x) = /(; p(XYdx" = 1, F/watv, F) (%vl, %vz) (6.14.49)2

w= 1 (v da) L

2
X(P) = Vou (6.14.50) 1

S on(l—u)

w
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'6.14.11 Beta Distribution1
‘The beta distribution is defined on the unit interval 0 < x < 1by 3
x ~ Beta(a, B), a>0,8>0 3
.14.51

plx) = B(oj, ﬂ)xa_l(l )P 0<x<1 —

“The mean and variance are given by 5
__“ 2
Mean{Beta(o, B)} = Yy
B (6.14.52)3

Var{Beta(x, 8)} =

(@+pB)2a+p+1)

_1

_2
ﬁlim B Beta(a, f) =~ Gamma(c, 1) 4 (6.14.53)2

"The cdf is the incomplete beta function 4

cdf = P(< x) = / : Pdx = I, (@. ) (6.14.54)1
0

incgammabeta.h
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3

x(P)=1,"(a.p)4 (6.14.55)5

1cgammabeta.h

2 . 2
Pgs(z) = 1-2) (=1)/ ' exp(-2/%2?) (6.14.56)3
j=1
“or by the equivalent series (nonobviously so!) 5
o0 — 1272
Pgs(z) = ( %) (6.14.57)2

_m
Pgs(0) =0 Pgg(c0) =13

Qks(0) =1 Oks(o0) =0 (6.14.58) 4

N
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Xo = 0 1
Xipr =30+ X —x) + x50 — x4 (6.14.59)1
2(Q) = /=3 log(xw)
5
nP? o 21
ylog(y) = ——— (1 4y 4y 0D )
/2 (6.14.60)3
Z(P) =
v —log(y)

ksdist.h
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k ~ Poisson(1), A>0 1

1 (6.14.61)4
p(k) = Exke—l, k=0,1,... )

Pi(< k)= Q(k.,1)2 (6.14.62)1
2
Py(=k)= 0k +1,4)3 (6.14.63)3
“Some particular values are 5

Pi(<0)=0 Pi(<)=e* P<oo)=14 (6.14.64)2
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I -
Pi(z k)= Pk, 2)=1—Q(k. 1) 1
Pa>k)=Plk+1.2)=1-0Qk +1,1)

ot G o e e R i i

Pi(<k)<P < Pi(<k)2 (6.14.66)3

_ |
. 4 |

(6.14.65)1




1cgammabeta.h
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6.14.14 Binomial Distribution 1

1
k ~ Binomial(n, p), n>1,0<p<1 4
6.14.67)5
plk) = (Z)p"(l—p)"-", k=01 .n oen
e amiviincs e grenong
8
M Bi ial(n, = 2
can{Binomial(n, p)} = np (6.14.68)2
Var{Binomial(n, p)} = np(1 — p)
‘There is a single mode at the value k that satisfies 4
m+Dp—1<k<@m+1)p6 (6.14.69) 4

9

10

nll)ngo Binomial(n, A /n) = Poisson(A) 3 (6.14.70) 1
o By AR e compusd o e ncomplt bt fn 2
P(<ky=1-I(kn—k+1)7 (6.14.71)7

50 we also have (analogously to the Poisson distribution) 5

P(=k)y=1-Ik+1.n—k1

P(>k)= I,k + 1,n —k) (6.14.72)3
P(=k)=I,(k.n—k +1)
'Some particular values are 7
P(<0)=0 P(<n+1)=15 (6.14.73)6

it st sl g b e 400 183

11
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