Random Numbers

7.0 Introduction:

It may seem perverse to use a computer, that most precise and deterministic of 5
all machines conceived by the human mind, to produce “random” numbers. More
than perverse, it may seem to be a conceptual impossibility. After all, any program
produces output that is entirely predictable, hence not truly “random.”

Nevertheless, practical computer “random number generators” are in common 1
use. We will leave it to philosophers of the computer age to resolve the paradox in
a deep way (see, e.g., Knuth [1] §3.5 for discussion and references). One sometimes
hears computer-generated sequences termed pseudo-random, while the word random
is reserved for the output of an intrinsically random physical process, like the elapsed
time between clicks of a Geiger counter placed next to a sample of some radioactive
element. We will not try to make such fine distinctions.

A working definition of randomness in the context of computer-generated se- 3
quences is to say that the deterministic program that produces a random sequence
should be different from, and — in all measurable respects — statistically uncor-
related with, the computer program that uses its output. In other words, any two
different random number generators ought to produce statistically the same results
when coupled to your particular applications program. If they don’t, then at least one
of them is not (from your point of view) a good generator.

The above definition may seem circular, comparing, as it does, one generator to 4
another. However, there exists a large body of random number generators that mutu-
ally do satisfy the definition over a very, very broad class of applications programs.
And it is also found empirically that statistically identical results are obtained from
random numbers produced by physical processes. So, because such generators are
known to exist, we can leave to the philosophers the problem of defining them.

The pragmatic point of view is thus that randomness is in the eye of the beholder 2
(or programmer). What is random enough for one application may not be random
enough for another. Still, one is not entirely adrift in a sea of incommensurable
applications programs: There is an accepted list of statistical tests, some sensible and
some merely enshrined by history, that on the whole do a very good job of ferreting
out any nonrandomness that is likely to be detected by an applications program (in
this case, yours). Good random number generators ought to pass all of these tests,

340
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or at least the user had better be aware of any that they fail, so that he or she will be 6
able to judge whether they are relevant to the case at hand.

For references on this subject, the one to turn to first is Knuth [1]. Be cautious 3
about any source earlier than about 1995, since the field progressed enormously in
the following decade.

CITED REFERENCES AND FURTHER READING:
Knuth, D.E. 1997, Seminumerical Algorithms, 3rd ed., vol. 2 of The Art of Computer Program- 10
ming (Reading, MA: Addison-Wesley), Chapter 3, especially §3.5.[1]

Gentle, J.E. 2003, Random Number Generation and Monte Carlo Methods, 2nd ed. (New York:9
Springer).

7.1 Uniform Deviates!

Uniform deviates are just random numbers that lie within a specified range, typ- 1
ically 0.0 to 1.0 for floating-point numbers, or 0 to 232 — 1 or 2% — 1 for integers.
Within the range, any one number is just as likely as any other. They are, in other
words, what you probably think “random numbers” are. However, we want to distin-
guish uniform deviates from other sorts of random numbers, for example, numbers
drawn from a normal (Gaussian) distribution of specified mean and standard de-
viation. These other sorts of deviates are almost always generated by performing
appropriate operations on one or more uniform deviates, as we will see in subse-
quent sections. So, a reliable source of random uniform deviates, the subject of this
section, is an essential building block for any sort of stochastic modeling or Monte
Carlo computer work.

The state of the art for generating uniform deviates has advanced considerably 2
in the last decade and now begins to resemble a mature field. It is now reasonable to
expect to get “perfect” deviates in no more than a dozen or so arithmetic or logical
operations per deviate, and fast, “good enough” deviates in many fewer operations
than that. Three factors have all contributed to the field’s advance: first, new mathe-
matical algorithms; second, better understanding of the practical pitfalls; and, third,
standardization of programming languages in general, and of integer arithmetic in
particular — and especially the universal availability of unsigned 64-bit arithmetic
in C and C++. It may seem ironic that something as down-in-the-weeds as this last
factor can be so important. But, as we will see, it really is.

The greatest lurking danger for a user today is that many out-of-date and inferior 8
methods remain in general use. Here are some traps to watch for:

e Never use a generator principally based on a linear congruential generators
(LCG) or a multiplicative linear congruential generator (MLCG). We say
more about this below.

e Never use a generator with a period less than ~ 2%% ~ 2 x 10'°,lor any7
generator whose period is undisclosed.

e Never use a generator that warns against using its low-order bits as being com- 4
pletely random. That was good advice once, but it now indicates an obsolete
algorithm (usually a LCG).
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e Never use the built-in generators in the C and C++ languages, especially rand 10
and srand. These have no standard implementation and are often badly flawed.

If all scientific papers whose results are in doubt because of one or more of the above 7
traps were to disappear from library shelves, there would be a gap on each shelf
about as big as your fist.

You may also want to watch for indications that a generator is overengineered, 5
and therefore wasteful of resources:

e Avoid generators that take more than (say) two dozen arithmetic or logical 6
operations to generate a 64-bit integer or double precision floating result.

e Avoid using generators (over-)designed for serious cryptographic use. 8

e Avoid using generators with period > 1019, You really will never need it, 2
and, above some minimum bound, the period of a generator has little to do
with its quality.

Since we have told you what to avoid from the past, we should immediately4
follow with the received wisdom of the present:

An acceptable random generator must combine at least two B
(ideally, unrelated) methods. The methods combined should
evolve independently and share no state. The combination
should be by simple operations that do not produce results
less random than their operands.

If you don’t want to read the rest of this section, then use the following code to 1
generate all the uniform deviates you’ll ever need. This is our suspenders-and-belt,
full-body-armor, never-any-doubt generator;* and, it also meets the above guidelines
for avoiding wasteful, overengineered methods. (The fastest generators that we rec-
ommend, below, are only ~2.5 x faster, even when their code is copied inline into
an application.)

struct Ran {7
Implementation of the highest quality recommended generator. The constructor is called with 3
an integer seed and creates an instance of the generator. The member functions int64, doub,
and int32 return the next values in the random sequence, as a variable type indicated by their
names. The period of the generator is &~ 3.138 x 10°7.
Ullong u,v,w; 11
Ran(Ullong j) : v(4101842887655102017LL), w(1) {
Constructor. Call with any integer seed (except value of v above).
u=j "~ v; int64Q);
\ u; int64();
w = v; int64();

+
inline Ullong int64() {

*“What about the $1000 reward?” some long-time readers may wonder. That is a tale in itself: Two
decades ago, the first edition of Numerical Recipes included a flawed random number generator. (Forgive
us, we were young!) In the second edition, in a misguided attempt to buy back some credibility, we
offered a prize of $1000 to the “first reader who convinces us” that that edition’s best generator was in any
way flawed. No one ever won that prize (ran2 is a sound generator within its stated limits). We did learn,
however, that many people don’t understand what constitutes a statistical proof. Multiple claimants over
the years have submitted claims based on one of two fallacies: (1) finding, after much searching, some
particular seed that makes the first few random values seem unusual, or (2) finding, after some millions of
trials, a statistic that, just that once, is as unlikely as a part in a million. In the interests of our own sanity,
we are not offering any rewards in this edition. And the previous offer is hereby revoked.
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Iiyi=al; +c (mod m)1 (7.1.1)1

4
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The sequence just takes off from that point, and successive values /; @re the returned 6
“random” values.

The idea of LCGs goes back to the dawn of computing, and they were widely 1
used in the 1950s and thereafter. The trouble in paradise first began to be noticed in
the mid-1960s (e.g., [1]): If kK random numbers at a time are used to plot points in
k-dimensional space (with each coordinate between 0 and 1), then the points will not
tend to “fill up” the k-dimensional space, but rather will lie on (k — 1)dimensional
“planes.” There will be at most about m'/* such planes. If the constants m and a
are not very carefully chosen, there will be many fewer than that. The number m
was usually close to the machine’s largest representable integer, often ~ 232 So,
for example, the number of planes on which triples of points lie in three-dimensional
space can be no greater than about the cube root of 232 Jabout 1600. You might well
be focusing attention on a physical process that occurs in a small fraction of the total
volume, so that the discreteness of the planes can be very pronounced.

Even worse, many early generators happened to make particularly bad choices 2
for m and a. One infamous such routine, RANDU, with ¢ = 65539 and m = 23!;
was widespread on IBM mainframe computers for many years, and widely copied
onto other systems. One of us recalls as a graduate student producing a “random”
plot with only 11 planes and being told by his computer center’s programming con-
sultant that he had misused the random number generator: “We guarantee that each
number is random individually, but we don’t guarantee that more than one of them
is random.” That set back our graduate education by at least a year!

LCGs and MLCGs have additional weaknesses: When m is chosen as a power 5
of 2 (e.g., RANDU), then the low-order bits generated are hardly random at all. In
particular, the least significant bit has a period of at most 2, the second at most 4,
the third at most 8, and so on. But, if you don’t choose m as a power of 2 (in
fact, choosing m prime is generally a good thing), then you generally need access
to double-length registers to do the multiplication and modulo functions in equation
(7.1.1). These were often unavailable in computers of the time (and usually still are).

A lot of effort subsequently went into “fixing” these weaknesses. An elegant4
number-theoretical test of m and a, the spectral test, was developed to characterize
the density of planes in arbitrary dimensional space. (See [2] for a recent review that
includes graphical renderings of some of the appallingly poor generators that were
used historically, and also [3].) Schrage’s method [4] was invented to do the multipli-
cation a /; with only 32-bit arithmetic for m as large as 232 — | /but, unfortunately,
only for certain a’s, not always the best ones. The review by Park and Miller [5] gives
a good contemporary picture of LCGs in their heyday.

Looking back, it seems clear that the field’s long preoccupation with LCGs was 3
somewhat misguided. There is no technological reason that the better, non-LCG,
generators of the last decade could not have been discovered decades earlier, nor any
reason that the impossible dream of an elegant “single algorithm” generator could not
also have been abandoned much earlier (in favor of the more pragmatic patchwork
in combined generators). As we will explain below, LCGs and MLCGs can still
be useful, but only in carefully controlled situations, and with due attention to their
manifest weaknesses.
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7.1.2 Recommended Methods for Use in Combined 1
Generators

Today, there are at least a dozen plausible algorithms that deserve serious con- 3
sideration for use in random generators. Our selection of a few is motivated by
aesthetics as much as mathematics. We like algorithms with few and fast operations,
with foolproof initialization, and with state small enough to keep in registers or first-
level cache (if the compiler and hardware are able to do so). This means that we tend
to avoid otherwise fine algorithms whose state is an array of some length, despite the
relative simplicity with which such algorithms can achieve truly humongous periods.
For overviews of broader sets of methods, see [6] and [7].

To be recommendable for use in a combined generator, we require a method 2
to be understood theoretically to some degree, and to pass a reasonably broad suite
of empirical tests (or, if it fails, have weaknesses that are well characterized). Our
minimal theoretical standard is that the period, the set of returned values, and the
set of valid initializations should be completely understood. As a minimal empirical
standard, we have used the second release (2003) of Marsaglia’s whimsically named
Diehard battery of statistical tests [8].* An alternative test suite, NIST-STS [9], might
be used instead, or in addition.

Simply requiring a combined generator to pass Diehard or NIST-STS is not 1
an acceptably stringent test. These suites make only ~107 %alls to the generator,
whereas a user program might make 10'2 or more. Much more meaningful is to
require that each method in a combined generator separately pass the chosen suite.
Then the combination generator (if correctly constructed) should be vastly better
than any one component. In the tables below, we use the symbol “s” to indicate that
a method passes the Diehard tests by itself. (For 64-bit quantities, the statement is
that the 32 high and low bits each pass.) Correspondingly, the words “can be used
as random,” below, do not imply perfect randomness, but only a minimum level for
quick-and-dirty applications where a better, combined, generator is just not needed.

We turn now to specific methods, starting with methods that use 64-bit unsigned 5
arithmetic (what we call Ullong, that is, unsigned long long in the Linux/Unix
world, or unsigned __int64 on planet Microsoft).

(A) 64-bit Xorshift Method. This generator was discovered and characterized 4
by Marsaglia [10]. In just three XORs and three shifts (generally fast operations)
it produces a full period of 2°4 — 17on 64 bits. (The missing value is zero, which
perpetuates itself and must be avoided.) High and low bits pass Diehard. A generator
can use either the three-line update rule, below, that starts with <<, or the rule that
starts with >>. (The two update rules produce different sequences, related by bit
reversal.)

state: x (unsigned 64-bit)
initialize: x # 0
update: X < xA(x > ayp),

X < xA(x << ap),
X < xA(x > az);
or X < xA(x << ap),
X< xA(x > ap),

*Be sure that you use a version of Diehard that includes the so-called “Gorilla Test.”
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X < xA(x << az); 6

can use as random: x (all bits)

can use in bit mix:  x (all bits)

can improve by: output 64-bit MLCG successor
period: 204 1

Here is a very brief outline of the theory behind these generators: Consider the 2
64 bits of the integer as components in a vector of length 64, in a linear space where
addition and multiplication are done modulo 2. Noting that XOR (A) is the same as
addition, each of the three lines in the updating can be written as the action of a 64 x
64 matrix on a vector, where the matrix is all zeros except for ones on the diagonal,
and on exactly one super- or subdiagonal (corresponding to << or >>). Denote this
matrix as Si . where k is the shift argument (positive for left-shift, say, and negative
for right-shift). Then, one full step of updating (three lines of the updating rule,
above) corresponds to multiplication by the matrix T = Sy, Sy, Sk,

One next needs to find triples of integers (k1, k2, k3)ofor example (21, —35,4),4
that give the full M = 2% — 1’period. Necessary and sufficient conditions are
that TM = 1%the identity matrix) and that TV = 1or these seven values of N:
M /6700417, M /65537, M/641, M /257, M/17, M /5, and M/3,/that is, M di-
vided by each of its seven distinct prime factors. The required large powers of T are
readily computed by successive squarings, requiring only on the order of 64* dpera-
tions. With this machinery, one can find full-period triples (k1, k2, k3) @y exhaustive
search, at a reasonable cost.

Brent [11] has pointed out that the 64-bit xorshift method produces, at each bit 1
position, a sequence of bits that is identical to one produced by a certain linear feed-
back shift register (LFSR) on 64 bits. (We will learn more about LFSRs in §7.5.)
The xorshift method thus potentially has some of the same strengths and weaknesses
as an LFSR. Mitigating this, however, is the fact that the primitive polynomial equiv-
alent of a typical xorshift generator has many nonzero terms, giving it better statis-
tical properties than LFSR generators based, for example, on primitive trinomials.
In effect, the xorshift generator is a way to step simultaneously 64 nontrivial one-
bit LESR registers, using only six fast, 64-bit operations. There are other ways
of making fast steps on LFSRs, and combining the output of more than one such
generator [12,13], but none as simple as the xorshift method.

While each bit position in an xorshift generator has the same recurrence, and5
therefore the same sequence with period 264 — 1//the method guarantees offsets to
each sequence such that all nonzero 64-bit words are produced across the bit posi-
tions during one complete cycle (as we just saw).

A selection of full-period triples is tabulated in [10]. Only a small fraction of 3
full-period triples actually produce generators that pass Diehard. Also, a triple may
pass in its <<-first version, and fail in its >>-first version, or vice versa. Since the
two versions produce simply bit-reversed sequences, a failure of either sense must
obviously be considered a failure of both (and a weakness in Diehard). The following
recommended parameter sets pass Diehard for both the << and >> rules. The sets near
the top of the list may be slightly superior to the sets near the bottom. The column
labeled ID assigns an identification string to each recommended generator that we
will refer to later.
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ID aq an as 1
Al | 21 |35 | 4
A2 | 20 |41 | 5
A3 | 17 | 31 | 8
A4 | 11 |29 | 14
AS | 14 | 29 | 11
A6 | 30 | 35 | 13
A7 | 21 |37 | 4
A8 | 21 |43 | 4
A9 | 23 | 41 | 18
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S

ID

a 1

B1
B2
B3
B4
B5
B6
B7
B8
B9

4294957665
4294963023
4162943475
3947008974
3874257210
2936881968
2811536238
2654432763
1640531364

ID a

¢ (any odd value ok)

N

CI1 | 3935559000370003845 | 2691343689449507681
C2 | 3202034522624059733 | 4354685564936845319
C3 | 2862933555777941757 | 7046029254386353087

_2
-3
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1D a

D1 | 2685821657736338717
D2 | 7664345821815920749
D3 | 4768777513237032717
D4 | 1181783497276652981
D5 702098784532940405

(E) MLCG with m > 232,)m Prime. When 64-bit unsigned arithmetic is 1
available, the MLCGs with prime moduli and large multipliers of good spectral char-
acter are decent 32-bit generators. Their main liability is that the 64-bit multiply and
64-bit remainder operations are quite expensive for the mere 32 (or so) bits of the
result.

state: X (unsigned 64-bit) 2
initialize: l1<x<m-—1
update: X < ax (mod m)

canuse asrandom: x (1 <x <m —1)orlow 32 bits
can use in bit mix:  (same)
period: m—1

The parameter values below were kindly computed for us by P. L’Ecuyer. The 3
multipliers are about the best that can be obtained for the prime moduli, close to
powers of 2, shown. Although the recommended use is for only the low 32 bits
(which all pass Diehard), you can see that (depending on the modulus) as many
as 43 reasonably good bits can be obtained for the cost of the 64-bit multiply and
remainder operations.

1D m a

El 239 _7 = 549755813881 | 10014146
E2 30508823
E3 25708129
E4 241 _ 21 = 2199023255531 5183781
ES 1070739
E6 6639568
E7 242 _ 11 = 4398046511093 1781978
ES8 2114307
E9 1542852
E10 | 243 — 57 = 8796093022151 2096259
El1 2052163
E12 2006881

(F) MLCG with m > 232/m Prime, and a(m — 1) ~ 2942 A variant, for use 2
in combined generators, is to choose m and a to make a(m — 1)as close as possible
to 245 while still requiring that m be prime and that a pass the spectral test. The
purpose of this maneuver is to make ax a 64-bit value with good randomness in its
high bits, for use in combined generators. The expense of the multiply and remainder
operations is still the big liability, however. The low 32 bits of x are not significantly
less random than those of the previous MLCG generators E1-E12.
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state: x (unsigned 64-bit) 8
initialize: l1<x<m-1
update: x < ax (mod m)

canuse as random: x (1 <x <m — 1) orlow 32 bits %
can use in bit mix:  ax (but don’t use both ax and x)

can improve by: output 64-bit xorshift successor of ax
period: m—1
ID m a

F1 | 1148 x 232 + 11 = 4930622455819 | 3741260
F2 | 1264 x 232 49 = 5428838662153 | 3397916
F3 | 2039 x 232 +3 = 8757438316547 | 2106408

7.1.3 How to Construct Combined Generators 1

While the construction of combined generators is an art, it should be informed 4
by underlying mathematics. Rigorous theorems about combined generators are usu-
ally possible only when the generators being combined are algorithmically related;
but that in itself is usually a bad thing to do, on the general principle of “don’t put all
your eggs in one basket.” So, one is left with guidelines and rules of thumb.

The methods being combined should be independent of one another. They must5
share no state (although their initializations are allowed to derive from some conve-
nient common seed). They should have different, incommensurate, periods. And,
ideally, they should “look like” each other algorithmically as little as possible. This
latter criterion is where some art necessarily enters.

The output of the combination generator should in no way perturb the indepen- 7
dent evolution of the individual methods, nor should the operations effecting combi-
nation have any side effects.

The methods should be combined by binary operations whose output is no less 1
random than one input if the other input is held fixed. For 32- or 64-bit unsigned
arithmetic, this in practice means that only the 4 and A operators can be used. As an
example of a forbidden operator, consider multiplication: If one operand is a power
of 2, then the product will end in trailing zeros, no matter how random is the other
operand.

All bit positions in the combined output should depend on high-quality bits from 3
at least two methods, and may also depend on lower-quality bits from additional
methods. In the tables above, the bits labeled “can use as random” are considered
high quality; those labeled “can use in bit mix” are considered low quality, unless
they also pass a statistical suite such as Diehard.

There is one further trick at our disposal, the idea of using a method as a succes- 2
sor relation instead of as a generator in its own right. Each of the methods described
above is a mapping from some 64-bit state x; to a unique successor state x; ;5 For a
method to pass a good statistical test suite, it must have no detectable correlations be-
tween a state and its successor. If, in addition, the method has period 26451 264 _ 1,
then all values (except possibly zero) occur exactly once as successor states.

Suppose we take the output of a generator, say C1 above, with period 24 and 6
run it through generator A6, whose period is 2% — 1,1as a successor relation. This is
conveniently denoted by “A6(C1),” which we will call a composed generator. Note
that the composed output is emphatically not fed back into the state of C1, which
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5

N

Ran = [A1;(C3) + A3,] AB11 (1.1.2)4
4

~

Rangl = DI1(Al,) 2 (7.1.3)2

8 ran.h

w

»

Ranqg2 = A3, AB13 (7.1.4)1
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‘An example that easily passes the Diehard test is 5

Ranhash = A2;(D3(A7,(C1(i)))) 1 (1.15)2

e nd O e e

3
4
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—2
-3

_1
. ran.h
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Generator | int64() | doub() | int8() !

Ran 19 10 51

Ranqgl 39 13 59

Ranq?2 32 12 58

Ranfib 24

Ranbyte 43
I, ¢
'7.1.7 When You Have Only 32-Bit Arithmetic 1
_2

(G) 32-Bit Xorshift RNG 3

6
7
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ID | by | by | b3 |2
Gl |13 | 17| 5
G2 | 7 |13] 3
G3 |9 |17]| 6
G4 | 6 | 13| 5
G5| 9 |21 2
G6 | 17 | 15| 5
G7 | 3 13| 7
G8| 5 | 13| 6
GY9 |12 | 21| 5

(H) MWC with Base b = 2161

H1
H2
H3
H4
H5
H6

62904
64545
34653
57780
48393
63273

41874
34653
64545
55809
57225
33378

1D a ¢ (any odd ok)
11 | 1372383749 1289706101
12 | 2891336453 1640531513
13 | 2024337845 797082193
14 32310901 626627237
15 29943829 1013904223
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(J) MLCG Modulo 2322

ID a 1
J1 | 1597334677
J2 741103597
J3 | 1914874293
J4 990303917
J5 747796405

' A high-quality, if somewhat slow, combined generator is 2
Ranlim32 = [G3;(12) + G1,] A [G6;(H6,) + H5,] 1 (1.1.6)3

‘implemented as 3

struct Ranlim32 { ran.h
High-quality 3r%mdom generator using only 32-bit arithmetic. Same conventions as Ran. Period
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7.2 Completely Hashing a Large Array!
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left 32-bit word right 32-bit word

32-bit XOR

it

left 32-bit word right 32-bit word

32-bit XOR

left 32-bit word right 32-bit word

Figure 7.2.1. The Data Encryption Standard (DES) iterates a nonlinear function g on two 32-bit words, |
in the manner shown here (after Meyer and Matyas [1]).

4 hashall.h
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Cy XOR

reverse
half-words

mNo
+

Figure 7.2.2. The nonlinear function g used by the routine psdes.|
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12 hashall.h

p(x)dx = (7.3.1)2

dx 0<x<11
0 otherwise

(2]

x ~U(,1)2 (7.3.2)3
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4
lp(y)dy| = [p(x)dx| 4 (7.3.3)2

o' dx |2
p() = p(x) ‘d—x’ (7.3.4)3

y
‘As an example, take 6
y(x) = —In(x)5 (1.3.5)4
‘with x ~ U(0, 1)9Then7
1

p(y)dy = ‘Z—;‘ dy = e Vdy (13.6)1

11

v/ B ~ Exponential (8) 3 (7.3.7)6

5
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uniform @ — — - — - - - - - -

deviate in F(y) = f oP(y)dy

X
—r®)

0 |

transformed
deviate out

Figure 7.3.1. Transformation method for generating a random deviate y from a known probability dis- 1
tribution p(y). The indefinite integral of p(y) must be known and invertible. A uniform deviate x is
chosen between 0 and 1. Its corresponding y on the definite-integral curve is the desired deviate.

—=s0 (7.3.8)1

y(x)=F'(x)2 (7.3.9)2

deviates.h
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7.3.4 Normal Deviates by Transformation (Box-Muller) 1

\l
&

I(x1, %2, ...)

2
dyidy, ... 7.3.10)5
3(y1’y2’_“)‘ y1dys ( )

P, Y2, .. )dyidys ... = p(x1,x2,...) ‘

43

7

|
POy = — e 2gy° (73.11)3
T

y1 = v/—2Inx; cos2mx, 4

(7.3.12) 1
Y2 = v/—2Inxq sin2mwx;,
‘Equivalently we can write 9
1 5
X1 = exp [—E(yf + 53 ]
(7.3.13)2
1 V2
X, = — arctan —
2n )1
8
ox o 1
rx2) _ oy | [—1 e—y12/2] [—1 e_y%/z] (7.3.14)4
0(y1,y2) g% g’y‘—i V2 V2
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7 deviates.h

1
"The Rayleigh distribution is defined for positive z by 6
p(z)dz = zexp (—3z%) dz (z>0)2 (7.3.15)4
e emlomaon o o s oform deie et
z=+=2Inx, x~U(@0,1)3 (7.3.16)1
3

2=y} 432 yiy~NO D! (71.3.17)3

2
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A
first random
deviatein <~ [ TTTTTTTTTTTTToooS /
:
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rejectx
f(x) - \ ) 0 Akf (XO)
e t
ARl second random
p(x) deviate in
0 0

Xo

Figure 7.3.2. Rejection method for generating a random deviate x from a known probability distribution
p(x) that is everywhere less than some other function f(x). The transformation method is first used to
generate a random deviate x of the distribution f* (compare Figure 7.3.1). A second uniform deviate is
used to decide whether to accept or reject that x. If it is rejected, a new deviate of f is found, and so on.
The ratio of accepted to rejected points is the ratio of the area under p to the area between p and f.

Draw a graph of the probability distribution p(x)<hat you wish to generate, so4
that the area under the curve in any range of x corresponds to the desired probability
of generating an x in that range. If we had some way of choosing a random point in
two dimensions, with uniform probability in the area under your curve, then the x
value of that random point would have the desired distribution.

Now, on the same graph, draw any other curve f(x) that has finite (not infinite) 1
area and lies everywhere above your original probability distribution. (This is always
possible, because your original curve encloses only unit area, by definition of prob-
ability.) We will call this f(x) the comparison function. Imagine now that you have
some way of choosing a random point in two dimensions that is uniform in the area
under the comparison function. Whenever that point lies outside the area under the
original probability distribution, we will reject it and choose another random point.
Whenever it lies inside the area under the original probability distribution, we will
accept it.

It should be obvious that the accepted points are uniform in the accepted area, 3
so that their x values have the desired distribution. It should also be obvious that
the fraction of points rejected just depends on the ratio of the area of the comparison
function to the area of the probability distribution function, not on the details of shape
of either function. For example, a comparison function whose area is less than 2 will
reject fewer than half the points, even if it approximates the probability function very
badly at some values of x, e.g., remains finite in some region where p(x) is zero.

It remains only to suggest how to choose a uniform random point in two dimen- 2
sions under the comparison function f(x). A variant of the transformation method
(§7.3) does nicely: Be sure to have chosen a comparison function whose indefinite
integral is known analytically, and is also analytically invertible to give x as a func-
tion of “area under the comparison function to the left of x.” Now pick a uniform
deviate between 0 and A, where A is the total area under f(x),and use it to get a
corresponding x. Then pick a uniform deviate between 0 and f(x) s the y value
for the two-dimensional point. Finally, accept or reject according to whether it is
respectively less than or greater than p(x).

So, to summarize, the rejection method for some given p(x)requires that ones
find, once and for all, some reasonably good comparison function f(x);Thereafter,
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p(x)dx = / dp'dx (7.3.18)2
/=0

4

(7.3.19)1



368 Chapter 7. Random Numbers
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Figure 7.3.3. Ratio-of-uniforms method. The interior of this teardrop shape is the acceptance region for
the normal distribution: If a random point is chosen inside this region, then the ratio v/u will be a normal
deviate.

Then equation (7.3.18) becomes 6

r=r@ u=+/p(x) A(p, x) u=+/pw/u) 1
p(x)dx:/ dp dx:/ dudv:2/ du dv
p'=0 u=0 d(u,v) u
(7.3.20)
because (as you can work out) the Jacobian determinant is the constant 2. Since the 4
new integrand is constant, uniform sampling in (¢, v) with the limits indicated for u
is equivalent to the rejection method in (x, p)4

The above limits on u very often define a region that is “teardrop” shaped. To 2
see why, note that the locii of constant x = v/u are radial lines. Along each radial,
the acceptance region goes from the origin to a point where u? = p(x).”Since most
probability distributions go to zero for both large and small x, the acceptance region
accordingly shrinks toward the origin along radials, producing a teardrop. Of course,
it is the exact shape of this teardrop that matters. Figure 7.3.3 shows the shape of the
acceptance region for the case of the normal distribution.

Typically this ratio-of-uniforms method is used when the desired region can3
be closely bounded by a rectangle, parallelogram, or some other shape that is easy
to sample uniformly. Then, we go from sampling the easy shape to sampling the
desired region by rejection of points outside the desired region.

An important adjunct to the ratio-of-uniforms method is the idea of a squeeze. A1
squeeze is any easy-to-compute shape that tightly bounds the region of acceptance of
arejection method, either from the inside or from the outside. Best of all is when you
have squeezes on both sides. Then you can immediately reject points that are outside
the outer squeeze and immediately accept points that are inside the inner squeeze.
Only when you have the bad luck of drawing a point between the two squeezes do
you actually have to do the more lengthy computation of comparing with the actual
rejection boundary. Squeezes are useful both in the ordinary rejection method and in
the ratio-of-uniforms method.

=0

7.3.9 Normal Deviates by Ratio-of-Uniforms 1

Leva [2] has given an algorithm for normal deviates that uses the ratio-of-uni- 5
forms method with great success. He uses quadratic curves to provide both inner
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Gamma(e, f) = %Gamma(a, 1) ! (7.3.21)2
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sincomenten. Bowerer s w8 iR

y ~ Gamma(a + 1, 1), u ~ Uniform(0, 1) 4 (7.3.22)1

yu'/® ~ Gamma(e, 1) 2 (7.3.23)4

yi ~ Gamma(e;, B) 3 (7.3.24)3
then their sum is also a gamma deviate, 4

y=) yi~Gamma(ar.f), ar=) & (7.3.25)5
i i
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i e a1 €4 £ B 1 A 8 e dcsion o Pisons
7.3.11 Distributions Easily Generated by Other Deviates 1
1
11
'Chi-Square Deviates (cf. §6.14.8) 13
‘This one is easy: 9
Chisquare(v) = Gamma(K 1) = 2Gamma(g, 1)

22
15

il ot Bow Ml mehod. T snog o cavaon 031205
y=y v(ul_z/v — 1) cos2mu, 4 (7.3.27)8

! (7.3.26)4

If uy and uy are independently uniform, U(0, 1), then 6
y ~ Student(v, 0, 1)9 (7.3.28)7
or 12
uw~+ oy ~ Student(v, u,0) 8 (7.3.29)10

2

¥

1
x ~N(0, 1), y o~ Gamma(g, 5) 3 (7.3.30)9
Ithen 11
x+/v/y ~ Student(v,0,1) 7 (7.3.31)5
‘Beta Deviates (cf. §6.14.11) 8
T 14
x ~ Gamma(a, 1), y ~ Gamma(p, 1) 10 (7.3.32)1
Ithen 10 -
~ Beta(a, B) ° (7.3.33)6
xX+y
'F-Distribution Deviates (cf. §6.14.10) 16
17
x ~ Beta(2vy, 1v2)6 (73.34)3
(see equation 7.3.33), then 7
Y2 Ry, vy) 2 (1.3.35)2

vi(l —x)
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Figure 7.3.4. Rejection method as applied to an integer-valued distribution. The method is performed on
the step function shown as a dashed line, yielding a real-valued deviate. This deviate is rounded down to
the next lower integer, which is output.

7.3.12 Poisson Deviates1

The Poisson distribution, Poisson(A), previously discussed in §6.14.13, is a dis- 3
crete distribution, so its deviates will be integers, k. To use the methods already
discussed, it is convenient to convert the Poisson distribution into a continuous dis-
tribution by the following trick: Consider the finite probability p(k)as being spread
out uniformly into the interval from k to k + 1.2This defines a continuous distribution
g (k)dk Zgiven by

Alkle=h 1
ek (7.3.36)

where |k | represents the largest integer < k. If we now use a rejection method, or 1
any other method, to generate a (noninteger) deviate from (7.3.36), and then take the
integer part of that deviate, it will be as if drawn from the discrete Poisson distri-
bution. (See Figure 7.3.4.) This trick is general for any integer-valued probability
distribution. Instead of the “floor” operator, one can equally well use “ceiling” or
“nearest” — anything that spreads the probability over a unit interval.

For A large enough, the distribution (7.3.36) is qualitatively bell-shaped (albeit 2
with a bell made out of small, square steps). In that case, the ratio-of-uniforms
method works well. It is not hard to find simple inner and outer squeezes in the (1, v)
plane of the form v> = Q(u);where Q(u)ds a simple polynomial in u. The only
trick is to allow a big enough gap between the squeezes to enclose the true, jagged,
boundaries for all values of A. (Look ahead to Figure 7.3.5 for a similar example.)

For intermediate values of A, the jaggedness is so large as to render squeezes5
impractical, but the ratio-of-uniforms method, unadorned, still works pretty well.

For small A, we can use an idea similar to that mentioned above for the gamma 4
distribution in the case of integer a. When the sum of independent exponential

gr(k)dk =
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Figure 7.3.5. Ratio-of-uniforms method as applied to the generation of binomial deviates. Points are
chosen randomly in the (¢, v)-plane. The smooth curves are inner and outer squeezes. The jagged curves
correspond to various binomial distributions with 7 > 64 and np > 30.]An evaluation of the binomial
probability is required only when the random point falls between the smooth curves.

In the regime A > 13.5,4the above code uses about 3.3 uniform deviates per4
output Poisson deviate and does 0.4 evaluations of the exact probability (costing an
exponential and, for large k, a call to gammln).

Poissondev is slightly faster if you draw many deviates with the same value A, 2
using the dev function with no arguments, than if you vary A on each call, using the
one-argument overloaded form of dev (which is provided for just that purpose). The
difference is just an extra exponential (A < 5)%r square root and logarithm (A > 5).7
Note also the object’s table of previously computed log-factorials. If your A’s are as
large as ~ 1039you might want to make the table larger.

7.3.13 Binomial Deviates1

The generation of binomial deviates k& ~ Binomial(n, p) liavolves many of 3
the same ideas as for Poisson deviates. The distribution is again integer-valued, so
we use the same trick to convert it into a stepped continuous distribution. We can
always restrict attention to the case p < 0.5.since the distribution’s symmetries let
us trivially recover the case p > 0.5.3

Whenn > 64 aadnp > 30,;we use the ratio-of-uniforms method, with squeezes 5
shown in Figure 7.3.5. The cost is about 3.2 uniform deviates, plus 0.4 evaluations
of the exact probability, per binomial deviate.

It would be foolish to waste much thought on the case where n > 64 and1
np < 305because it is so easy simply to tabulate the cdf, say for 0 < k < 64,7and
then loop over k’s uatil the right one is found. (A bisection search, implemented
below, is even better.) With a cdf table of length 64, the neglected probability at the
end of the table is never larger than ~ 1072% 1(At 10° deviates per second, you could
run 3000 years before losing a deviate.)

What is left is the interesting case n < 64,which we will explore in some detail, 7
because it demonstrates the important concept of bit-parallel random comparison.

Analogous to the methods for gamma deviates with small integer @ and for6
Poisson deviates with small A, is this direct method for binomial deviates: Generate
n uniform deviates in U(0, 1). Count the number of them < p. Return the count as
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=b127 V45272 4+ b2 4+ p 2701 (1.3.37)1
p

7 deviates.h
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7.4 Multivariate Normal Deviates!

1
2m)M/2 det(X)1/2

Nx|p %) = expl-3(x — ) T x— )] © (7415

6

3

> =LLT5 (74.2)3

4

x =Ly +upn4 (7.4.3)2
5
(y®y) =13 (7.4.4)1
‘where 1 is the identity matrix. Then, 7
(x—p)® (x—p)) =(Ly) ® (Ly)) 1

= (L(y ® y)LT) =L{y®y)LT (1.4.5)4
=LLT =3
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yi ~N(,1)1 (7.4.6)2

5 multinormaldev.h

then the deviate (7.4.3) will be distributed according to equation (7.4.1). 4
'7.4.1 Decorrelating Multiple Random Variables 1




3808 Chapter 7. Random Numbers7

‘that 9
y=L"1'(x—pn)5 (7473
“has uncorrelated components, each of unit variance. Proof: 7
yoy) =(L'x—p)@ @ x—p)) 1
=L ' {(x—p)®x—p) L7 (7.4.8)5

=L7'sL77 =L7'LLTL T =1

K'K = KK” =16 (7.4.9)6

(Ky) ® (Ky)) =K (y ® y) KT =KK" =13 (7.4.10)2
5

¥ = Vdiag(cH)VT 4 (7.4.11)1

4

7.5 Linear Feedback Shift Registers!

n—1
/
a; = (chaj) + an
i=1 (7.5.1)4
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shift left

4 3 2 1 0
| | | shift left

/7

Figure 7.5.1. Two related methods for obtaining random bits from a shift register and a primitive poly-
nomial modulo 2. (a) The contents of selected taps are combined by XOR (addition modulo 2), and the
result is shifted in from the right. This method is easiest to implement in hardware. (b) Selected bits are
modified by XOR with the leftmost bit, which is then shifted in from the right. This method is easiest to
implement in software.

5

(b)

Here a’ is the new state vector, derived from a by the update rule as shown. The 3
reason for singling out a, in the first line above is that its coefficient ¢, must be
= 1950therwise, the LFSR wouldn’t be of length 7, but only of length up to the last
nonzero coefficient in the ¢;’s.1 0

There is also a reason for numbering the bits (henceforth we consider only the 4
case of a vector of bits, not of words) starting with 1 rather than the more comfortable
0. The mathematical properties of equation (7.5.1) derive from the properties of the
polynomials over the integers modulo 2. The polynomial associated with (7.5.1) is

P(xX)=x"+cpogx" T+t eax® +ex + 11 (7.5.2)

where each of the ¢;’s has the value 0 or 1. So, cg,like ¢, exists but is implicitly 1
= 15 There are several notations for describing specific polynomials like (7.5.2).
One is to simply list the values i for which ¢; is;nonzero (by convention including ¢, 1 5
and cg)-So the polynomial

B4 x4 x24+x+12 (7.5.3)

is abbreviated as7
(18,5,2,1,0)6 (7.5.4)

Another, when a value of n (here 18), and ¢,, = ¢p = 1is assumed, is to construct a2
“serial number” from the binary word ¢,—1¢,—1 - - - ¢2¢1 {by convention now exclud-
ing ¢, and ¢o)oFor (7.5.3) this would be 19, that is, 2 + 2! + 293The nonzero ¢;’s 11
are often referred to as an LESR’s faps.

Figure 7.5.1(a) illustrates how the polynomial (7.5.3) and (7.5.4) looks as an6
update process on a register of 18 bits. Bit 0 is the temporary where a bit that is to
become the new bit 1 is computed.

The maximum period of an LFSR of n bits, before its output starts repeating, is 5
2" — 1./This is because the maximum number of distinct states is 2", but the special
vector with all bits zero simply repeats itself with period 1. If you pick a random
polynomial P (x),then the generator you construct will usually not be full-period. A
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fraction of polynomials over the integers modulo 2 are irreducible, meaning that they 2
can’t be factored. A fraction of the irreducible polynomials are primitive, meaning
that they generate maximum period LFSRs. For example, the polynomial x% + 1 =5
(x + 1)(x + 1)is not irreducible, so it is not primitive. (Remember to do arithmetic
on the coefficients mod 2.) The polynomial x* + x3 + x? + x + 14s irreducible,
but it turns out not to be primitive. The polynomial x* + x + 1fs both irreducible
and primitive.

Maximum period LFSRs are often used as sources of random bits in hardware 1
devices, because logic like that shown in Figure 7.5.1(a) requires only a few gates
and can be made to run extremely fast. There is not much of a niche for LFSRs
in software applications, because implementing equation (7.5.1) in code requires at
least two full-word logical operations for each nonzero ¢; ; and all this work produces
a meager one bit of output. We call this “Method I.” A better software approach,
“Method II,” is)not obviously an LFSR at all, but it turns out to be mathematically
equivalent to one. It is shown in Figure 7.5.1(b). In code, this is implemented from
a primitive polynomial as follows:

Let maskp and maskn be two bit masks, 8

maskp= (0 --- 0 c¢y—1 cp— -+ C3 C1)2
maskn= (0 --- 1 0 o -+ 0 0 =
Then, a word a is updated by 7
if (a & maskn) a = ((a -~ maskp) << 1) | 1;3
P (7.5.6)

else a <<= 1;

You should work through the above prescription to see that it is identical to what5
is shown in the figure. The output of this update (still only one bit) can be taken as
(a & maskn), or for that matter any fixed bit in a.

LFSRs (either Method I or Method II) are sometimes used to get random m-bit3
words by concatenating the output bits from m consecutive updates (or, equivalently
for Method I, grabbing the low-order m bits of state after every m updates). This is
generally a bad idea, because the resulting words usually fail some standard statisti-
cal tests for randomness. It is especially a bad idea if m and 2" — 1re not relatively
prime, in which case the method does not even give all m-bit words uniformly.

Next, we’ll develop a bit of theory to see the relation between Method I and 4
Method II, and this will lead us to a routine for testing whether any given polynomial
(expressed as a bit string of ¢;’s)ds primitive. But, for now, if you only need a table
of some primitive polynomials go get going, one is provided on the next page.

Since the update rule (7.5.1) is linear, it can be written as a matrix M that multiplies §

from the left a column vector of bits a to produce an updated state a’. (Note that the low-order
bits of a start at the top of the column vector.) One can readily read off

1 2 tn—2 -1 171
1 0 0 0 0
0 1 ... 0 0 0
M= . . . . . (7.5.7)
0 0 1 0 0
0 0 0 1 0
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Ml=|: @ : : (7.5.10) 2
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“inverse (or inverse of the transpose) of M., 6
0 O 0 0 1 1
1 0 0 0 c1
T o1 ... 0 O c
(M-l) . o (75.11)2
6 0 R | 0 cn‘_z
00 ... 0 1 cny
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Mr. Hacher and his table are a hash table. A hash table behaves as if it keeps 5
a running ledger of all the hash keys (the addressee names) that it has ever seen,
assigns a unique number to each, and is able to look through all the names for every
new query, either returning the same number as before (for a repeat key) or, for a
new key, assigning a new one. There is usually also an option to erase a key.

The goal in implementing a hash table is to make all these functions take only a2
few computer operations each, not even O(log N). That is quite a trick, if you think
about it. Even if you somehow maintain an ordered or alphabetized list of keys, it
will still take O(log N) operations to find a place in the list, by bisection, say. The
big idea behind hash tables is the use of random number techniques (§7.1) to map
a hash key to a pseudo-random integer between 0 and N — 1, where N is the total
number of pigeonholes. Here we definitely want pseudo-random and not random
integers, because the same key must produce the same integer each time.

In first approximation, ideally much of the time, that initial pseudo-random in- 3
teger, called the output of the hash function, or (for short) the key’s hash, is what the
hash table puts out, i.e., the number given out by Mr. Hacher. However, it is possi-
ble that, by chance, two keys have the same hash; in fact this becomes increasingly
probable as the number of distinct keys approaches N, and a certainty when N is
exceeded (the pigeonhole principle). The implementation of a hash table therefore
requires a collision strategy that ensures that unique integers are returned, even for
(different) keys that have the same hash.

Many vendors’ implementations of the C++’s Standard Template Library (STL) 4
provide a hash table as the class hash_map. Unfortunately, at this writing, hash_map
is not a part of the actual STL standard, and the quality of vendor implementations
is also quite variable. We therefore here implement our own; thereby we can both
learn more about the principles involved and build in some specific features that will
be useful later in this book (for example §21.8 and §21.6).

7.6.1 Hash Function Object1

By a hash function object we mean a structure that combines a hashing algo- 1
rithm (as in §7.1) with the “glue” needed to make a hash table. The object should
map an arbitrary key type keyT, which itself may be a structure containing multiple
data values, into (for our implementation) a pseudo-random 64-bit integer. All the
hash function object really needs to know about keyT is its length in bytes, that is,
sizeof (keyT), since it doesn’t care how those bytes are used, only that they are
part of the key to be hashed. We therefore give the hash function object a constructor
that tells it how many bytes to hash; and we let it access a key by a void pointer to
the key’s address. Thus the object can access those bytes any way it wants.

As a first example of a hash function object, let’s just put a wrapper around the g
hash function algorithm of §7.1.4. This is quite efficient when sizeof (keyT) = 4
or 8.

struct Hashfnil { 7 hash.h
Example of an object encapsulating a hash function for use by the class Hashmap.
Ranhash hasher; The actual hash function.
Int n; Size of key in bytes.
Hashfn1(Int nn) : n(nn) {} Constructor just saves key size.
Ullong fn(const void *key) { Function that returns hash from key.
Uint x*k;

Ullong *kk;
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ho = some fixed constant

7.6.1)2
hi = (m hi—yopk;) mod 2>  (i=1...K) —

hash.h




7.6 Hash Tables and Hash Memories 1




390 Chapter 7.  Random Numbers

terminated byte arrays as keys, then the type of keyT is char, not char*; see §7.6.56
for an example.

The hash table object is created from two integer parameters. The most impor-5
tant one is nm, the maximum number of objects that can be stored — in the dream,
the number of pigeonholes in the room. For now, suppose that the second parameter,
nh, has the same value as nm.

The overall scheme is to convert arbitrary keys into integers in the range 0 .. .4
nh-1 that index into the array htable, by taking the output of the hash function
modulo nh. That array’s indexed element contains either —1, meaning “empty,” or
else an index in the range 0...nm-1 that points into the arrays thehash and next.
(For a computer science flavor one could do this with list elements linked by pointers,
but in the spirit of numerical computation, we will use arrays; both ways are about
equally efficient.)

An element in thehash contains the 64-bit hash of whatever key was previously 3
assigned to that index. We will take the identity of two hashes as being positive proof
that their keys were identical. Of course this is not really true. There is a probability
of 274 ~ 5 x 1072% %f two keys giving identical hashes by chance. To guarantee
error-free performance, a hash table must in fact store the actual key, not just the
hash; but for our purposes we will accept the very small chance that two elements
might get confused. (Don’t use these routines if you are typically storing more than
a billion elements in a single hash table. But you already knew that!)

This 1072° coincidence is not what is meant by hash collision. Rather, hash?2
collisions occur when two hashes yield the same value modulo nh, so that they point
to the same element in htable. That is not at all unusual, and we must provide for
handling it. Elements in the array next contain values that index back into thehash
and next, i.e., form a linked list. So, when two or more keys have landed on the
same value 7, 0 < i < nh,Jand we want to retrieve a particular one of them, it will
either be in the location thehashl[i], or else in the (hopefully short) list that starts
there and is linked by next[i], next[next[i]], and so forth.

We can now say more about the value that should be initially specified for the 1
parameter nh. For a full table with all nm values assigned, the linked lists attached
to each element of htable have lengths that are Poisson distributed with a mean
A = nm/nh> Thus, large A (nh too small) implies a lot of list traversal, while small
A (nh too large) implies wasted space in htable. Conventional wisdom is to choose
A ~ 0.75,7in which case (assuming a good hash function) 47% of htable will be
empty, 67% of the nonempty elements will have lists of length one (i.e., you get the
correct key on the first try), and the mean number of indirections (steps in traversing
the next pointers) is 0.42. For A = 15 that is, nh = nm,the values are 37% table
empty, 58% first try hits, and 0.58 mean indirections. So, in this general range, any
choice is basically fine. The general formulas are

empty fraction = Py (0) = e
first try hits = P (1)/[1 — P5(0)] do ”
rst try hits = — =
g g * l—e* (7.6.2)
00 . . —A

—1)P —14+A

mean indirections = Z U )Pi() _ ¢ B
1 — P;(0) 1—e A

J=2

where P (j)ds the Poisson probability function. 7
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4 hash.h

R e S
myhash [ some-key]l = rhs?2

for storing, and 3

lhs = myhash[ some-key ] 1
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‘some-pointer = gmyhash [ some-key 15
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Vi

)

X

Figure 7.7.1. Monte Carlo integration of a function f(x, ¥)&n a region W. Random points are chosen
within an area V' that includes W and that can easily be sampled uniformly. Of the three possible V’s 5
shown, V1 ds a poor choice because W occupies only a small fraction of its area, while V5 4nd V3 fre
better choices.

see in §10.12) is rooted in a thermodynamic analogy. And who does not feel at least4
a faint echo of glamor in the name “Monte Carlo method”?

Suppose that we pick N random points, uniformly distributed in a multidimen- 3
sional volume V. Call them xo, ..., xy—1:7Then the basic theorem of Monte Carlo
integration estimates the integral of a function f over the multidimensional volume,

(f2)—(f)?°

I (7.7.1)

/de%V(f) +V

Here the angle brackets denote taking the arithmetic mean over the N sample points, 6
| Nl | N1 1
(=52 M) (=5 D 26 (7.7.2)
i=0 i=0

The “plus-or-minus” term in (7.7.1) is a one standard deviation error estimate for2
the integral, not a rigorous bound; further, there is no guarantee that the error is
distributed as a Gaussian, so the error term should be taken only as a rough indication
of probable error.

Suppose that you want to integrate a function g over a region W that is not easy 1
to sample randomly. For example, W might have a very complicated shape. No
problem. Just find a region V' that includes W and that can easily be sampled, and
then define f to be equal to g for points in W and equal to zero for points outside of
W (but still inside the sampled V7). You want to try to make V' enclose W as closely
as possible, because the zero values of f will increase the error estimate term of
(7.7.1). And well they should: Points chosen outside of W have no information
content, so the effective value of N, the number of points, is reduced. The error
estimate in (7.7.1) takes this into account.

Figure 7.7.1 shows three possible regions V' that might be used to sample a5
complicated region W. The first, V1, is obviously a poor choice. A good choice, V53
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void step(Int nstep);
Sample an additional nstep points, accumulating the various sums.
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Figure 7.7.2. Example of Monte Carlo integration (see text). The region of interest is a piece of a torus, |
bounded by the intersection of two planes. The limits of integration of the region cannot easily be written
in analytically closed form, so Monte Carlo is a useful technique.

2
z2 + (\/x2 +y2 — 3) <1 (7.1.3)2

x>1 y>-33 (7.7.4)1
3

1

/pdxdydz [xpdxdydz /ypdxdydz /zpa'xa’ya’z2
(7.7.5)3

4

2
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mcintegrate.h

p(x.y.z) =7 1 (1.7.6)3

ds = e>?dz sothat s =1e’*, z=1In(5s)2 (7.1.7)2
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mcintegrate.h

g T e b e o i 111, i i
VecDoub xx(s);

xx[2] = 0.2%log(5.*s[2]);
return xx;

(]

mcintegrate.h
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The Monte Carlo method thus becomes a deterministic quadrature scheme — albeit8
a simple one — whose fractional error decreases at least as fast as N ~!{even faster
if the function goes to zero smoothly at the boundaries of the sampled region or is
periodic in the region).

The trouble with a grid is that one has to decide in advance how fine it should 3
be. One is then committed to completing all of its sample points. With a grid, it is
not convenient to “sample until” some convergence or termination criterion is met.
One might ask if there is not some intermediate scheme, some way to pick sample
points “at random,” yet spread out in some self-avoiding way, avoiding the chance
clustering that occurs with uniformly random points.

A similar question arises for tasks other than Monte Carlo integration. We might 1
want to search an n-dimensional space for a point where some (locally computable)
condition holds. Of course, for the task to be computationally meaningful, there
had better be continuity, so that the desired condition will hold in some finite 7-
dimensional neighborhood. We may not know a priori how large that neighborhood
is, however. We want to “sample until” the desired point is found, moving smoothly
to finer scales with increasing samples. Is there any way to do this that is better than
uncorrelated, random samples?

The answer to the above question is “yes.” Sequences of n-tuples that fill n-4
space more uniformly than uncorrelated random points are called quasi-random se-
quences. That term is somewhat of a misnomer, since there is nothing “random”
about quasi-random sequences: They are cleverly crafted to be, in fact, subrandom.
The sample points in a quasi-random sequence are, in a precise sense, “maximally
avoiding” of each other.

A conceptually simple example is Halton’s sequence [1]. In one dimension, the 2
Jjth number H;n the sequence is obtained by the following steps: (i) Write j as a
number in base b, where b is some prime. (For example, j = 17 in base b = 3is
122.) (ii) Reverse the digits and put a radix point (i.e., a decimal point base b) in
front of the sequence. (In the example, we get 0.221 base 3.) The result is /4;.1T0
get a sequence of n-tuples in n-space, you make each component a Halton sequence
with a different prime base b. Typically, the first #n primes are used.

It is not hard to see how Halton’s sequence works: Every time the number of 5
digits in j increases by one place, j’s digit-reversed fraction becomes a factor of b
finer-meshed. Thus the process is one of filling in all the points on a sequence of finer
and finer Cartesian grids — and in a kind of maximally spread-out order on each grid
(since, e.g., the most rapidly changing digit in j controls the most significant digit
of the fraction).

Other ways of generating quasi-random sequences have been proposed by Faure,7
Sobol’, Niederreiter, and others. Bratley and Fox [2] provide a good review and refer-
ences, and discuss a particularly efficient variant of the Sobol’ [3] sequence suggested
by Antonov and Saleev [4]. It is this Antonov-Saleev variant whose implementation
we now discuss.

The Sobol’ sequence generates numbers between zero and one directly as binary frac-g
tions of length w bits, from a set of w special binary fractions, V;, i = 1,2,..., w,called
direction numbers. In Sobol’s original method, the jth number X ds generated by XORing
(bitwise exclusive or) together the set of V;’s satisfying the criterion on 7, “the ith bit of j is
nonzero.” As j increments, in other words, different ones of the V;’s flash in and out of X;
on different time scales. J/1 niternates between being present and absent most quickly, while
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Figure 7.8.1. First 1024 points of a two-dimensional Sobol’ sequence. The sequence is generated number-
theoretically, rather than randomly, so successive points at any stage “know’ how to fill in the gaps in the
previously generated distribution.

V. goes from present to absent (or vice versa) only every 2k=1 ateps. 5

Antonov and Saleev’s contribution was to show that instead of using the bits of the 3
integer j to select direction numbers, one could just as well use the bits of the Gray code of
J»G(j). (For a quick review of Gray codes, look at §22.3.)

Now G(j) and G(j + 1) differ in exactly one bit position, namely in the position of the 1
rightmost zero bit in the binary representation of j (adding a leading zero to j if necessary).
A consequence is that the j + Ist Sobol’-Antonov-Saleev number can be obtained from the
Jjth by XORing it with a single V; snamely with i the position of the rightmost zero bit in j.
This makes the calculation of the sequence very efficient, as we shall see.

Figure 7.8.1 plots the first 1024 points generated by a two-dimensional Sobol’ sequence. 4
One sees that successive points do “know” about the gaps left previously, and keep filling them
in, hierarchically.

We have deferred to this point a discussion of how the direction numbers V; “are gen- 2
erated. Some nontrivial mathematics is involved in that, so we will content ourselves with a
cookbook summary only: Each different Sobol’ sequence (or component of an n-dimensional
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Degree Primitive Polynomials Modulo 2*

1 0Ge,x+1)14
2 1Ge,x2+x+1)10

3 1,2Ge, x> +x+land x> +x2+1)8

4 LaGe,x*+x+1andx* +x3+1)6

5 2,4,7, 11,13, 14

6 1,13, 16, 19, 22, 25

7 1,4,7,8, 14,19, 21, 28, 31, 32, 37, 41, 42, 50, 55, 56, 59, 62

8 14,21, 22, 38,47, 49, 50, 52, 56, 67, 70, 84, 97, 103, 115, 122

9 8, 13, 16, 22, 25, 44, 47, 52, 55, 59, 62, 67, 74, 81, 82, 87, 91, 94, 103, 104, 109, 122,

124, 137, 138, 143, 145, 152, 157, 167, 173, 176, 181, 182, 185, 191, 194, 199, 218,
220, 227, 229, 230, 234, 236, 241, 244, 253

10 4,13, 19, 22, 50, 55, 64, 69, 98, 107, 115, 121, 127, 134, 140, 145, 152, 158, 161, 171,
181, 194, 199, 203, 208, 227, 242, 251, 253, 265, 266, 274, 283, 289, 295, 301, 316,
319, 324, 346, 352, 361, 367, 382, 395, 398, 400, 412, 419, 422, 426, 428, 433, 446,
454, 457, 472, 493, 505, 508

*Expressed as a decimal integer whose binary representation gives the coefficients, from the
highest to lowest power of x. Only the internal terms are represented — the highest-order term
and the constant term always have coefficient 1.

sequence) is based on a different primitive polynomial over the integers modulo 2, that is, a2
polynomial whose coefficients are either O or 1, and which generates a maximal length shift
register sequence. (Primitive polynomials modulo 2 were used in §7.5 and are further dis-
cussed in §22.4.) Suppose P is such a polynomial, of degree ¢,

P =x9 4 qyx?71 +a2xq_2+'--+aq_1x+ll (7.8.1)1
Define a sequence of integers M; by the g-term recurrence relation, 5
M; =2a1Mi—1 ®2%a;M; > & - & 29 Mg 1aq9-1 ® QI Mi_g & M;_g) 2(1.8.2) 1

Here bitwise XOR is denoted by @. The starting values for this recurrence are that M, ..., My4
can be arbitrary odd integers less than 2, . .., 29 respectively. Then, the direction numbers V; 1 1
are given by

Vi=M/2  i=1,...,w3 (7.83)2

The table above lists all primitive polynomials modulo 2 with degree ¢ < 10./Since the 3
coefficients are either O or 1, and since the coefficients of x4 cand of 1 are predictably 1, it
is convenient to denote a polynomial by its middle coefficients taken as the bits of a binary
number (higher powers of x being more significant bits). The table uses this convention.

Turn now to the implementation of the Sobol” sequence. Successive calls to the function 1
sobseq (after a preliminary initializing call) return successive points in an n-dimensional
Sobol’ sequence based on the first # primitive polynomials in the table. As given, the routine
is initialized for maximum 7z of 6 dimensions, and for a word length w of 30 bits. These
parameters can be altered by changing MAXBIT (= w)jand MAXDIM, and by adding more
initializing data to the arrays ip (the primitive polynomials from the table above), mdeg (their
degrees), and iv (the starting values for the recurrence, equation 7.8.2). A second table, on
the next page, elucidates the initializing data in the routine.
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407 2

Initializing Values Used in sobseq

Degree | Polynomial Starting Values
1 0 113 |G| ds...
1 1 1| @ | dn...
3 1 1 3 T | ©eoo
3 2 1 3 3 | (15)...
4 1 1 1 3 13...
4 4 1 1 5 | 9Dooo

Parenthesized values are not freely specifiable, but are forced by the required
recurrence for this degree.

void sobseq(const Int n, VecDoub_0 &x)
When n is negative, internally initializes a set of MAXBIT direction numbers for each of MAXDIM
different Sobol’ sequences. When n is positive (but <MAXDIM), returns as the vector x[0..n-1]
the next values from n of these sequences. (n must not be changed between initializations.)

{

sobseq.h
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1/2
r= (162 + )12 = R +22) (184)5
Letus try the function 8
! wr? 1
fypn={ T\GT) TE (7.85)4
0 r=ro

~

3

/f dxdydz f(x,y,z) = 2n2rgR0 (7.8.6)3

1

1 r<rg?2

PR (1.8.7)2

f(x,y,2)=§




7.8 Quasi- (that is, Sub-) Random Sequences 1 4092

~

. S
Tay,
Yanw, <

fractional accuracy of integral
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number of points N

Figure 7.8.2. Fractional accuracy of Monte Carlo integrations as a function of number of points sampled,
for two different integrands and two different methods of choosing random points. The quasi-random
Sobol’ sequence converges much more rapidly than a conventional pseudo-random sequence. Quasi-
random sampling does better when the integrand is smooth (“soft boundary”) than when it has step dis-
continuities (“hard boundary”). The curves shown are the r.m.s. averages of 100 trials.

thicker dashed curve in Figure 7.8.2 is the result of integrating the function of equation (7.8.7) 3
using independent random points. While the advantage of the Sobol’ sequence is not quite so
dramatic as in the case of a smooth function, it can nonetheless be a significant factor (~5)
even at modest accuracies like 1%, and greater at higher accuracies.

Note that we have not provided the routine sobseq with a means of starting the sequence 2
at a point other than the beginning, but this feature would be easy to add. Once the initial-
ization of the direction numbers iv has been done, the jth point can be obtained directly by
XORing together those direction numbers corresponding to nonzero bits in the Gray code of
J» as described above.

7.8.1 The Latin Hypercube1l

We mention here the unrelated technique of Latin square or Latin hypercube 1
sampling, which is useful when you must sample an N -dimensional space exceed-
ingly sparsely, at M points. For example, you may want to test the crashworthiness
of cars as a simultaneous function of four different design parameters, but with a
budget of only three expendable cars. (The issue is not whether this is a good plan
— it isn’t — but rather how to make the best of the situation!)

The idea is to partition each design parameter (dimension) into M segments, 4
so that the whole space is partitioned into MY cells. (You can choose the segments
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7.9.1 Importance Sampling1

The use of importance sampling was already implicit in equations (7.7.6) and (7.7.7).4
We now return to it in a slightly more formal way. Suppose that an integrand f* can be written
as the product of a function / that is almost constant times another, positive, function g. Then
its integral over a multidimensional volume V' is

4

/de:/(f/g)ng:/hng (7.9.1)

In equation (7.7.7) we interpreted equation (7.9.1) as suggesting a change of variable to G, 1
the indefinite integral of g. That made gd V' a perfect differential. We then proceeded to use
the basic theorem of Monte Carlo integration, equation (7.7.1). A more general interpretation
of equation (7.9.1) is that we can integrate f by instead sampling i — not, liowever, with
uniform probability density dV, but rather with nonuniform density gd V. In this second
interpretation, the first interpretation follows as the special case, where the means of generat-
ing the nonuniform sampling of gd V/ i$ via the transformation method, using the indefinite
integral G (see §7.3).

More directly, one can go back and generalize the basic theorem (7.7.1) to the case§5
of nonuniform sampling: Suppose that points x; are chosen within the volume V' with a
probability density p satisfying

6

/pdV =1 (7.9.2)

The generalized fundamental theorem is that the integral of any function f is estimated, using 7
N sample points xq. ..., XN_1,by

22
IE/de:/%pdV%<£>:l:\/<f2/p2>1\7<f/p> (7.9.3)

where angle brackets denote arithmetic means over the N points, exactly as in equation (7.7.2). 3
As in equation (7.7.1), the “plus-or-minus” term is a one standard deviation error estimate.
Notice that equation (7.7.1) is in fact the special case of equation (7.9.3), with p = constant =9
1/V.14

What is the best choice for the sampling density p? Intuitively, we have already seen 2
that the idea is to make 7 = f/p @s close to constant as possible. We can be more rigorous
by focusing on the numerator inside the square root in equation (7.9.3), which is the variance
per sample point. Both angle brackets are themselves Monte Carlo estimators of integrals, so
we can write

e P Tt A T

We now find the optimal p subject to the constraint equation (7.9.2) by the functional variation 9

320w T rav] .
0= <[ . dv [ fdv] +x/pdv> (1.9.5)

with A a Lagrange multiplier. Note that the middle term does not depend on p. The variationg
(which comes inside the integrals) gives 0 = — f2/p% + A or

LA 3
JE~ J171av

where A has been chosen to enforce the constraint (7.9.2). 10

If f has one sign in the region of integration, then we get the obvious result that the 6
optimal choice of p — if one can figure out a practical way of effecting the sampling — is
that it be proportional to | f'|.1Then the variance is reduced to zero. Not so obvious, but seen

(7.9.6)



4128 Chapter 7. Random Numbers7

S = Soptimal = (/|f|dV)2—(/de)23 (719.7)5

1

N

7.9.2 Stratified Sampling 1

w

(=g [rav = %Zj)f(xi)“ (1.98)6

4

o el T T
Var ((f)) = V“T(f) z (79.9)4

&)

A
~
13

g
II
N|—

{(fla+ ()5 (7.9.10)2
8

var (£)) = § Var (()) + Var (/)]

1 [Varg (f) | Vary (f)
= Z [ N2 e N2 ] (7.9.11)3
1
= W[Vara (f) + Varg ()]
6

10
Var (f) = 4 [Vara (f) + Vary (/)] + 3 ((fNa = (/Np)*6 (7.9.12)1
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(In physics, this formula for combining second moments is the “parallel axis theorem.”) Com-5
paring equations (7.9.9), (7.9.11), and (7.9.12), one sees that the stratified (into two subvol-
umes) sampling gives a variance that is never larger than the simple Monte Carlo case — and
smaller whenever the means of the stratified samples, (( /)4 and (( f))p.lare different.

We have not yet exploited the possibility of sampling the two subvolumes with different 6
numbers of points, say N, in subregion a and N, = N — N, ‘in subregion b. Let us do so
now. Then the variance of the estimator is

: 1 ['Varg (f) | Varp (f)]1
Vi = | — 7.9.13
ar (/) 4[ Ny T NN (7.9.13)
which is minimized (one can easily verify) when 11
N,
Na __0a 3 (7.9.14)
N Oa + 0p

Here we have adopted the shorthand notation o, = [Varg ( f)]*/2 /and correspondingly for .8
If N, satisfies equation (7.9.14), then equation (7.9.13) reduces to

_ (oa+0p)%2
- 4N

Equation (7.9.15) reduces to equation (7.9.9) if Var (f) = Var, (f) = Varp (f)£in which9
case stratifying the sample makes no difference.

A standard way to generalize the above result is to consider the volume V' divided into 3
more than two equal subregions. One can readily obtain the result that the optimal allocation of
sample points among the regions is to have the number of points in each region j proportional
to o; (that is, the square root of the variance of the function f in that subregion). In spaces
of high dimensionality (say d = 4) this is not in practice very useful, however. Dividing a
volume into K segments along each dimension implies K 4 Sibvolumes, typically much too
large a number when one contemplates estimating all the corresponding 0;’s. 1 (3

Var ((f)') (7.9.15)

7.9.3 Mixed Strategies1

Importance sampling and stratified sampling seem, at first sight, inconsistent with each 7
other. The former concentrates sample points where the magnitude of the integrand | f'| is
largest, the latter where the variance of f is largest. How can both be right?

The answer is that (like so much else in life) it all depends on what you know and how 1
well you know it. Importance sampling depends on already knowing some approximation to
your integral, so that you are able to generate random points x; with the desired probability
density p. To the extent that your p is not ideal, you are left with an error that decreases
only as N ~'/2 OThings are particularly bad if your p is far from ideal in a region where the
integrand f is changing rapidly, since then the sampled function 4 = f/p will have a large
variance. Importance sampling works by smoothing the values of the sampled function / and
is effective only to the extent that you succeed in this.

Stratified sampling, by contrast, does not necessarily require that you know anything 2
about f. Stratified sampling works by smoothing out the fluctuations of the number of points
in subregions, not by smoothing the values of the points. The simplest stratified strategy, di-
viding V' into N equal subregions and choosing one point randomly in each subregion, already
gives a method whose error decreases asymptotically as N~ jmuch faster than N —1/2 “(Note
that quasi-random numbers, §7.8, are another way of smoothing fluctuations in the density of
points, giving nearly as good a result as the “blind” stratification strategy.)

However, “asymptotically” is an important caveat: For example, if the integrand is neg- 4
ligible in all but a single subregion, then the resulting one-sample integration is all but useless.
Information, even very crude, allowing importance sampling to put many points in the active
subregion would be much better than blind stratified sampling.

Stratified sampling really comes into its own if you have some way of estimating the 10
variances, so that you can put unequal numbers of points in different subregions, according
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to (7.9.14) or its generalizations, and if you can find a way of dividing a region into a prac-6
tical number of subregions (notably not K 4 fwith large dimension d), while yet significantly
reducing the variance of the function in each subregion compared to its variance in the full
volume. Doing this requires a lot of knowledge about £, though different knowledge from
what is required for importance sampling.

In practice, importance sampling and stratified sampling are not incompatible. In many, 2
if not most, cases of interest, the integrand f is small everywhere in V' except for a small
fractional volume of “active regions.” In these regions the magnitude of | /| and the standard
deviation ¢ = [Var (f)]!/2 %re comparable in size, so both techniques will give about the
same concentration of points. In more sophisticated implementations, it is also possible to
“nest” the two techniques, so that, e.g., importance sampling on a crude grid is followed by
stratification within each grid cell.

7.9.4 Adaptive Monte Carlo: VEGAS 1

The VEGAS algorithm, invented by Peter Lepage [1,2], is widely used for multidimen- 3
sional integrals that occur in elementary particle physics. VEGAS is primarily based on im-
portance sampling, but it also does some stratified sampling if the dimension d is small enough
to avoid K9 explosion (specifically, if (K/ 24 <N /2/with N the number of sample points).
The basic technique for importance sampling in VEGAS is to construct, adaptively, a multidi-
mensional weight function g that is separable,

P xXgx,y.z,...) = gx(x)gy(¥)gz(2)... (7.9.16)

Such a function avoids the K¢ explosion in two ways: (i) It can be stored in the computer 8
as d separate one-dimensional functions, each defined by K tabulated values, say — so that
K x d véplaces K @ (i) It can be sampled as a probability density by consecutively sampling
the d one-dimensional functions to obtain coordinate vector components (x, y, z, .. .).

The optimal separable weight function can be shown to be [1] 9

1/2
fAay.z...)
g"(x)“[/ dy/ e 08:6) } 7o

(and correspondingly for y, z,...). Notice that this reduces to g o | f| (7.9.6) in one di-4
mension. Equation (7.9.17) immediately suggests VEGAS’ adaptive strategy: Given a set of
g-functions (initially all constant, say), one samples the function f, accumulating not only
the overall estimator of the integral, but also the Kd estimators (K subdivisions of the inde-
pendent variable in each of d dimensions) of the right-hand side of equation (7.9.17). These
then determine improved g functions for the next iteration.

When the integrand f is concentrated in one, or at most a few, regions in d-space, then 7
the weight function g’s quickly become large at coordinate values that are the projections of
these regions onto the coordinate axes. The accuracy of the Monte Carlo integration is then
enormously enhanced over what simple Monte Carlo would give.

The weakness of VEGAS is the obvious one: To the extent that the projection of the 1
function f* onto individual coordinate directions is uniform, VEGAS gives no concentration
of sample points in those dimensions. The worst case for VEGAS, e.g., is an integrand that is
concentrated close to a body diagonal line, e.g., one from (0,0,0,...) to (1,1, 1,...). Since
this geometry is completely nonseparable, VEGAS can give no advantage at all. More gen-
erally, VEGAS may not do well when the integrand is concentrated in one-dimensional (or
higher) curved trajectories (or hypersurfaces), unless these happen to be oriented close to the
coordinate directions.

The routine vegas that follows is essentially Lepage’s standard version, minimally mod- 5
ified to conform to our conventions. (We thank Lepage for permission to reproduce the pro-
gram here.) For consistency with other versions of the VEGAS algorithm in circulation, we
have preserved original variable names. The parameter NDMX is what we have called K, the
maximum number of increments along each axis; MXDIM is the maximum value of d; some
other parameters are explained in the comments.
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where the w;’s and x’s are the arguments wgt and x, respectively. It is straightforward to ac-5
cumulate this sum inside your function £xn and to pass the answer back to your main program
via global variables. Of course, g(x) had better resemble the principal function f to some
degree, since the sampling will be optimized for f.

The full listing of vegas is given in a Webnote [3]. 10

7.9.5 Recursive Stratified Sampling 1

The problem with stratified sampling, we have seen, is that it may not avoid the K dag
explosion inherent in the obvious, Cartesian, tessellation of a d-dimensional volume. A tech-
nique called recursive stratified sampling [4] attempts to do this by successive bisections of a
volume, not along all d dimensions, but rather along only one dimension at a time. The start-
ing points are equations (7.9.10) and (7.9.13), applied to bisections of successively smaller
subregions.

Suppose that we have a quota of N evaluations of the function f* and want to evaluate 2
(f)in the rectangular parallelepiped region R = (x4, x})/(We denote such a region by the
two coordinate vectors of its diagonally opposite corners.) First, we allocate a fraction p of N
toward exploring the variance of f in R: We sample p/N function values uniformly in R and
accumulate the sums that will give the d different pairs of variances corresponding to the d
different coordinate directions along which R can be bisected. In other words, in p/N samples,
we estimate Var (/) in each of the regions resulting from a possible bisection of R,

Rai =(Xg,Xp — 2€; - (X —Xg)e;) 3
ai =(Xa =3¢ (Xp —Xa)e;) (7.9.21)
Rp; =(Xq + 5€ (Xp —Xg)e€j,Xp)

Here e; is the unit vector in the i th coordinate direction, i = 1,2,...,d.11

Second, we inspect the variances to find the most favorable dimension i to bisect. By g
equation (7.9.15), we could, for example, choose that i for which the sum of the square roots
of the variance estimators in regions R,; @nd Rp; is minimized. (Actually, as we will explain,
we do something slightly different.)

Third, we allocate the remaining (1 — p) N function evaluations between the regions R,; 72
and Rp; 1 If we used equation (7.9.15) to choose i, we should do this allocation according to
equation (7.9.14).

We now have two parallelepipeds, each with its own allocation of function evaluations 4
for estimating the mean of f. Our “RSS” algorithm now shows itself to be recursive: To
evaluate the mean in each region, we go back to the sentence beginning “First,...” in the
paragraph above equation (7.9.21). (Of course, when the allocation of points to a region falls
below some number, we resort to simple Monte Carlo rather than continue with the recursion.)

Finally, we combine the means and also estimated variances of the two subvolumes using 9
equation (7.9.10) and the first line of equation (7.9.11).

This completes the RSS algorithm in its simplest form. Before we describe some addi- 1
tional tricks under the general rubric of “implementation details,” we need to return briefly to
equations (7.9.13) — (7.9.15) and derive the equations that we actually use instead of these.
The right-hand side of equation (7.9.13) applies the familiar scaling law of equation (7.9.9)
twice, once to a and again to b. This would be correct if the estimates ( /), and ( f)p were
each made by simple Monte Carlo, with uniformly random sample points. However, the two
estimates of the mean are in fact made recursively. Thus, there is no reason to expect equation
(7.9.9) to hold. Rather, we might substitute for equation (7.9.13) the relation,

_1[Vara(f)Jr Vary, (f) ]1
T4 N& (N — Ng)%

Var ((f)') (7.9.22)

where o is an unknown constant > 1 {(the case of equality corresponding to simple Monte 8
Carlo). In that case, a short calculation shows that Var (( f )") i¥minimized when

N Vi ~1/(1+a) 2
Na _ : 1/(?1 ()f) e (7.9.23)
N Varg (/)T 4 Var, (f) 0T
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and that its minimum value is 7

var (1)) ox [Varg ()05 4 vary ()1 0+] (7.9.24)

Equations (7.9.22) — (7.9.24) zeduce to equations (7.9.13) — (7.9.15) when & = 1./Numerical 4
experiments to find a self-consistent value for ¢ find that @ ~ 2. That is, when equation
(7.9.23) with @ = 2 is used recursively to allocate sample opportunities, the observed variance
of the RSS algorithm goes approximately as N ~2while any other value of & in equation
(7.9.23) gives a poorer fall-off. (The sensitivity to « is, however, not very great; it is not
known whether & = 2 is an analytically justifiable result or only a useful heuristic.)

The principal difference between miser’s implementation and the algorithm as described 2
thus far lies in how the variances on the right-hand side of equation (7.9.23) are estimated. We
find empirically that it is somewhat more robust to use the square of the difference of max-
imum and minimum sampled function values, instead of the genuine second moment of the
samples. This estimator is of course increasingly biased with increasing sample size; however,
equation (7.9.23) uses it only to compare two subvolumes (¢ and b) having approximately
equal numbers of samples. The “max minus min” estimator proves its worth when the pre-
liminary sampling yields only a single point, or a small number of points, in active regions of
the integrand. In many realistic cases, these are indicators of nearby regions of even greater
importance, and it is useful to let them attract the greater sampling weight that “max minus
min” provides.

A second modification embodied in the code is the introduction of a “dithering parame- 1
ter,” dith, whose nonzero value causes subvolumes to be divided not exactly down the middle,
but rather into fractions 0.5£dith, with the sign of the £ randomly chosen by a built-in ran-
dom number routine. Normally dith can be set to zero. However, there is a large advantage
in taking dith to be nonzero if some special symmetry of the integrand puts the active region
exactly at the midpoint of the region, or at the center of some power-of-two submultiple of
the region. One wants to avoid the extreme case of the active region being evenly divided
into 24 abutting corners of a d-dimensional space. A typical nonzero value of dith, on those
occasions when it is useful, might be 0.1. Of course, when the dithering parameter is nonzero,
we must take the differing sizes of the subvolumes into account; the code does this through
the variable fracl.

One final feature in the code deserves mention. The RSS algorithm uses a single set3
of sample points to evaluate equation (7.9.23) in all d directions. At the bottom levels of
the recursion, the number of sample points can be quite small. Although rare, it can happen
that in one direction all the samples are in one half of the volume; in that case, that direction
is ignored as a candidate for bifurcation. Even more rare is the possibility that all of the
samples are in one half of the volume in all directions. In this case, a random direction is
chosen. If this happens too often in your application, then you should increase MNPT (see line
if (jb == =1)..in the code).

Note that miser, as given, returns as ave an estimate of the average function value 5
{(f)), not the integral of f over the region. The routine vegas, adopting the other convention,
returns as tgral the integral. The two conventions are of course trivially related, by equation
(7.9.8), since the volume V' of the rectangular region is known.

The interface to the miser routine is this: g

void miser(Doub func(VecDoub_I &), VecDoub_I &regn, const Int npts,

const Doub dith, Doub &ave, Doub &var) {
Monte Carlo samples a user-supplied ndim-dimensional function func in a rectangular volume g
specified by regn[0..2*ndim-1], a vector consisting of ndim “lower-left” coordinates of the
region followed by ndim “upper-right” coordinates. The function is sampled a total of npts
times, at locations determined by the method of recursive stratified sampling. The mean value
of the function in the region is returned as ave; an estimate of the statistical uncertainty of ave
(square of standard deviation) is returned as var. The input parameter dith should normally
be set to zero, but can be set to (e.g.) 0.1 if func's active region falls on the boundary of a
power-of-two subdivision of region.

Implementing code for the torus problem in §7.7 isQ



4182 Chapter 7. Random Numbers |

_12

and the main code is 2
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